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Abstract
Since the double helical structure of DNA was discovered in 1953, significant progress has been
made towards the understanding of the science of the molecule of life. It is now clear that
topology can strongly influence, or even drive its functionality [47]. The underlying motivation of
this thesis is to investigate the topology of DNA during: (i) bacterial site-specific recombination;
and (ii) developmental genome rearrangements in ciliates.
(i) A model of site-specific recombination, that predicts and characterises the exact topology
of products from non-distributive reactions on DNA twist knot substrates is developed. This is
a generalisation of work by Buck and Flapan in [19] where the same question was considered for
topologically simpler substrates. It is shown that such products fall within a well understood
family of knots and links called Montesinos knots and links. In the common case where products
have minimal crossing number one more than the substrate it is proved that the product topology
is more tightly prescribed. It is further shown that the number of possible product knots and
links decreases exponentially as a function of the topological complexity of the product, which
can greatly aid their experimental identification.
(ii) Massive genome-wide rearrangements in some binucleate ciliates are modelled by rigid-
vertex graphs, first proposed in [4]. This work builds on that of Jonoska and collaborators, who
have investigated graph-theoretic complexities of these model, by now considering their topology.
The genus range of a family of rigid vertex graph that may represent naturally occurring patterns
of some gene rearrangements that have multiple repetitions (as many as to over 20 recombination
sites) is characterised. The genus ranges of other families of rigid vertex graph are discussed.
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Chapter 1
Characterisation of knots and links
arising from site-specific
recombination on twist knot
substrates
Key words. Site-specific recombination, serine recombinases, tyrosine recombinases, topology of
substrate of recombination, topology of product of recombination, DNA knots, DNA links.
1.1 Introduction
Deoxyribonucleic acid (DNA) carries the necessary instructions to make all living organisms.
After the discovery of the double helical structure by Watson and Crick [145] based on the X-
ray images taken by Franklin and Gosling [50], decades of research into the behaviour of DNA
has revealed many other fascinating phenomena. In 1965, Jeroˆme Vinograd discovered that
DNA in the polyoma virus is found in a circular form [139]. This work opened the gates to a
new interdisciplinary field that studies the geometry and topology of DNA and their biological
implications, DNA topology. See section 1.1.2.7 for more details on the biological importance of
topology.
Geometric and topological properties of DNA are intimately involved in many important
cellular processes. In this chapter we concentrate on topological aspects of a genetic recombin-
ation reaction that exchanges segments of DNA that have a small degree of sequence homology,
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18 CHAPTER 1. TOPOLOGY OF PRODUCTS SITE-SPECIFIC RECOMBINATION
site-specific recombination. This reaction underlies many important biological processes, for
example it provides a switch between two alternative and mutually exclusive genetic states (e.g.
mediated by Gin and Hin) and mediates phage integration and excision (e.g. mediated by λ Int)
and cointegrate resolution (e.g. mediated by Tn3 and γδ resolvases and Sin) [58]. Site-specific
recombination is also widely used as a genetic tool for precise integration of DNA sequences into
specific locations in a genome [79]. This in turn has a variety of applications in biotechnology,
such as the conditional targeting of genes for functional analysis and the development of non
viral gene therapy vehicles as minivectors [46].
As an unintentional result, site-specific recombinases often change the topology of their
substrate molecule. In this chapter a model of this reaction, on covalently closed circular duplex
DNA substrates that have a specific topology, is used to predict and characterise the exact
topology of product molecules. This work has been published in [22] J. Phys. A: Math. Theor.,
2011, 44, 045002, and [135] JMB, 2011, 411, 350-367 and an expository article to make the results
accessible to an audience of non-experts has been accepted in the peer reviewed proceedings of
Knots in Poland III [136].
1.1.1 Organisation of this chapter
Mathematical preliminaries and the biology of DNA are presented in section 1.1.2. Site-specific
recombination is explained in detail in section 1.2. The topological model is developed in sec-
tion 1.3 where the exact topology of products of non-distributive recombination on substates
that are twist knots is characterised in theorem 1.3.2. An analysis of products that can arise
from distributive recombination, those that can not arise all together and those that have min-
imal crossing number one more than the substrate are discussed in sections 1.3.4.1 and 1.3.4.2.
Section 1.4 investigates the growth of the family of products as a function of the minimal cross-
ings number and this is established in theorem 1.4.4. Section 1.5 discusses applications of this
model which includes methods to characterise the sequences of products of processive recombin-
ation, distinguish between products of processive and distributive recombination and prediction
of products that arise most often in topological enzymology experiments, those that are only
slightly more topologically complex than the substrate in terms of the minimal crossing number.
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1.1.2 DNA Topology
This section consists of a brief introduction to DNA topology focused on DNA supercoiling and
DNA knots and links.
1.1.2.1 Mathematical knots and links
Familiarity with some basic concepts in topology (e.g. closed set, compact set, a homeomorphism
between two topological spaces, the one-point compactification of R3 to S3) and certain types
of manifolds (e.g. the 1-, 2- and 3-spheres Si, the 1-, 2- and 3-balls Bi (B1 is a point and B2 is
a disc), the torus T 2 = S1 × S1 and the solid torus V = D2 × S1) is assumed. Introductions to
these can be found in [2,35,93,100,115]. Apart from these concepts, this chapter is entirely self
contained. All manifolds are one-, two- or three-dimensional and are connected and compact.
Definition 1.1.1. A finite collection L of n disjoint closed curves smoothly embedded in S3 is
called a link with n components. If n = 1 then L is called a knot and is often denoted with the
letter K.
Figure 1.1: All knots and links illustrated here are distinct. From left to right using the
Alexander-Briggs notation [115] these are 31, 81, 8
2
3, 8
4
2, 31]41. Images obtained using Knot-
Plot [78].
Figure 1.1 shows examples of different knots and links. Traditionally in the experimental
context links are referred to as catenanes. Here these two terms are used interchangeably.
Definition 1.1.2. Two links L1, L2 ⊂ S3 are equivalent if there is an isotopy h : S3×[0, 1]→ S3
such that h(L1, 0) = h0(L1) = L1 and h(L1, 1) = h1(L1) = L2. Then L1 and L2 are said to be
equivalent up to ambient isotopy and their link type is denoted by [L1] (or equivalently as [L2]).
Intuitively, two links are the ‘same’ (seen as a piece of very thin string) if they can be
continuously deformed into one another without cutting the string. In practice however, it is
often very difficult to work out whether two knots or two links are the same by deforming them
continuously in space, and knots invariants are instead employed.
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1.1.2.2 Knot invariants
The idea of a knot invariant is to assign a quantity (e.g. a number or a polynomial) to two knots
K,J so that the quantity is the same if and only if the two knots are equivalent. However, to
date, most invariants are only partial invariants, where if the quantity is distinct then it implies
the knots are different, but if the quantity is the same it does not necessarily imply that the knots
are the same. Examples of such an invariant include the number of components, the minimal
crossing number of the knot or link and the linking number between the components of a link,
defined below. There are also some complete invariants, for example the knot complement [55],
but in practical terms these are not currently easily calculable.
Definition 1.1.3. Let L ⊂ S3\{∞} be a link and let p : S3\{∞} → R2 be a projection map. A
point x ∈ p(L) is called regular if its preimage |p−1(x)| = 1 or 2 distinct points of L in which
case x is called a double point. If p(L) has a finite number of singular points and they are all
transverse1 double points, the projection is called regular projection.
Definition 1.1.4. A link diagram is a regular projection of a link that has relative height in-
formation added to it at each of the double points and the double points become crossings in the
diagram.
Figure 1.1 shows examples diagrams of knots and links. For simplicity the words knot and
link, and notation K or L, will describe the knot or link type [K] or [L] and a particular diagram
of the knot or link.
Definition 1.1.5. The minimal crossing number of a knot or link K is the fewest number of
crossings of a diagram of K, over all diagrams.
One way in which tables of knots and links are traditionally indexed is by minimal crossing
number with a superscript to indicate the number of components, and a subscript to indicate a
particular knot or link in the set with that particular minimal crossing number. This format is
called the Alexander-Briggs notation and we use it here. It can be found in [115]. The diagrams
of knots and links in figure 1.1 are all minimal crossing number diagrams. The knots and links
that have different minimal crossing number indicate that they are all distinct.
1Intuitively, a non-tangential intersection. More precisely, two submanifolds of a given finite dimensional
smooth manifold are said to intersect transversely if at every point of intersection, their separate tangent spaces
at that point together generate the tangent space of the ambient manifold at that point.
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Definition 1.1.6. Let L be an oriented diagram of a 2-component link K1 ∪K2. The crossings
c of L are of three types: Ki with itself, and K1 with K2. The linking number of K1 with K2 is
lk(K1,K2) =
1
2
∑
c∈K1∩K2
ε(c)
where ε(c) is the sign of c as given by figure 1.2.
Figure 1.2: Handedness of oriented crossings.
For example, the absolute value of the linking number of the two components of 823 in figure
1.1 is 3. The linking number will be important in understanding supercoiling in DNA in section
1.1.2.4.
1.1.2.3 Families of knots and links that appear often in this chapter.
In [31] Conway described a way of obtaining families of knots and links from ‘building blocks’
called tangles. These families of knots and links include the topologies of the substrate and
product molecules that are considered in this thesis. This construction by tangles is briefly
outlined here and families of knots and links that are used in this chapter are introduced in the
following section.
Definition 1.1.7. A 2-tangle (from now on tangle) is a pair T = (B, t), where B is a 3-ball
and t is a pair of properly embedded arcs in B which meet ∂B in four distinguished points, NW,
NE, SW, SE (figure 1.3 (A)).
Definition 1.1.8. Two tangles T1, T2 are equivalent if there is an ambient isotopy of S
3 fixing
∂B taking t1 to t2.
Diagrams of tangles can be defined similarly to diagrams of knots.
Definition 1.1.9. A tangle is said to have parity 0 if the NW and NE (resp. SW and SE)
points of B are connected by one of the arcs of t (resp. the other arc of t). A tangle is said to
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have parity ∞ if the NW and SW (resp. NE and SE) points of B are connected by one of the
arcs of t (resp. the other arc of t). A 2-tangle is said to have parity 1 if the NW and SE (resp.
NE and SE) points of B are connected by one of the arcs of t (resp. the other arc of t).
Definition 1.1.10. Given two tangles T1, T2 their addition T1 + T2, product T1 ◦ T2 are defined
in figure 1.3 (B).
Note that T1 + T2 and T1 ◦ T2 may contain a simple closed curve, in which case they are not
tangles.
Definition 1.1.11. Given a tangle T its numerator N(T ) and denominator D(T ) closures are
defined in figure 1.3(C). These are knots or links.
Figure 1.3: Left to right; top to bottom: a rational tangle, a locally knotted tangle, a prime
tangle; the sum of two tangles T1 + T2, the product of two tangles T1 ◦ T2; the numerator
and denominator closures N(T ), D(T ) of tangle T , two rational tangles with Conway vector
(a1, ..., an) for n even and odd, respectively.
Definition 1.1.12. A tangle T is rational if there exists a homeomorphism of pairs from (B, t)
to (D2 × I, (x, y) × I) where x, y ∈ D2, the trivial 2-tangle. Intuitively, rational tangle can be
‘unwound’ by sliding the endpoints of the arcs around on ∂B, alternating vertical and horizontal
twists.
A 2-tangle is locally knotted if there exists a S2 in B such that the intersection of S2 and t
is exactly two points and the 3-ball that S2 bounds meets t in a knotted spanning arc.
A 2-tangle is prime if it is neither rational nor locally knotted. More precisely, a tangle (B, t)
is prime if it has the following properties: (1) Any 2-sphere in B, which meets t transversely in
two points, bounds in B ball meeting t in an unknotted spanning arc; (2) (B, t) is not untangled.
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By [92] tangles can be separated into these three mutually exclusive groups. Only rational
tangles are used for the remainder of the chapter.
There is a one-to-one correspondence between ambient isotopy classes of rational tangles and
the extended rational numbers Q ∪∞ through the continued fraction of rational numbers [75],
as follows: a rational number pq can be expanded by means of a generalised Euclidean algorithm
into an extended fraction pq = an +
1
an−1+ 1
an−2+...+ 1a1
, which in turn generates a Conway vector
(a1, ..., an) (and vise versa). These vectors can be used to construct tangles as illustrated in
figure 1.3(D). A tangle with corresponding fraction pq will be denoted by the fraction itself.
Note that a fraction pq does not have a unique continued fraction expansion so different Conway
vectors may represent the same tangle.
Figure 1.4: (A) (2, p)-torus knots and links T (2, p), knots for p odd, links for p even; (B)
twist knots C(2, v); (C) example of a Montesinos knot or link. This is the product family of
site-specific recombination on twist knots predicted in section 1.3, denoted F (p, q, r, s, t, u); (D)
Example of a satellite knot.
Definition 1.1.13. Arborescent knots are obtained from the numerator closure of sums and
products of finitely many rational tangles.
Definition 1.1.14. When just one rational tangle is required, the arborescent knot or link is
called a rational knot or link and is denoted N
(
p
q
)
or K q
p
, where pq is the fraction defining the
rational tangle.
Definition 1.1.15. A (2, p)-torus knot or link is obtained by the numerator closure of a tangle
with odd or even rational number p, and is here denoted by T (2, p) = N(p).
This is an infinite family of knots and links (figure 1.4(A)). The simplest nontrivial example
is the the trefoil knot (2, 3)-torus knot (figure 1.1).
Definition 1.1.16. Twist knots are obtained by the numerator closure of tangles with rational
number 2v+12 , for an integer v 6= 0,±1 and are denoted C(2, v) = N(2v+12 ).
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These are also an infinite family of knots (and not links) and are considered the simplest
type of knots after the torus knots (figure 1.4)(B).
Definition 1.1.17. A Montesinos knot or link is obtained from the numerator closure of a finite
sum of rational tangles, otherwise known as a Montesinos tangle, and is denoted M(T1 + T2 +
...+ Tm).
Figure 1.4(C) shows an example of a small family of Montesinos knots and links N( ttu+1 +
r
rs+1 +
p
pq+1), obtained from the numerator closure of the sum of three Montesinos tangles. This
particular family will arise often in the following sections so it is here denoted by F (p, q, r, s, t, u),
with the variables p, q, r, s, t, u ∈ Z denoting the number and handedness of crossings in that
particular row of crossings. The variables t, r, p can take horizontal 0 crossings and vertical
0 crossings , and horizontal non-zero crossings. The variables u, s, q can take only vertical 0
and non-zero crossings.
Definition 1.1.18. Let K ⊂ V ⊂ S3 be a knot which is geometrically essential in a standardly
embedded solid torus in the 3-sphere. Let K1 ∈ S3 be another knot and let V be a tubular
neighbourhood of K1 in S
3. Finally, let h : V → V1 be a homeomorphism and let K2 be h(K).
Then K2 is called a satellite knot.
An example of a satellite knot is illustrated in figure 1.4(D). In this example K2 is called a
doubled knot. If the solid torus V1 were unknotted, then the resulting knot K2 would be a twist
knot, provided it is non-trivial.
Definition 1.1.19. Given two knots or links K1,K2 their composite knot or link, written K1]K2,
is obtained by removing an open unknotted arc αi from each and gluing the resulting two endpoints
of K1 to the two endpoints of K2 by some homeomorphism h : ∂α1 → ∂α2, without introducing
(or removing) any additional knotting (figure 1.1).
A prime knot is one that can only be decomposed into two sub-knots if one is trivial (i.e.
equivalent to the unknot).
1.1.2.4 DNA, DNA supercoiling and DNA knots and links
The primary structure of DNA refers to DNA as a polymer molecule made up of units called
nucleotides (figure 1.5 (A)). This structure was elucidated mainly through the efforts of Albrecht
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Kossel, Phoebus Levene and Alexander Todd. The secondary structure addresses the way in
which two strands of DNA are held together, by the formation of hydrogen bonds between
bases (typically A with T and C with G). The double helix (figure 1.5 (B)) is an example of
such a conformation. In this structure, the overall shape of the A-T and G-C pairs is planar.
This allows the base pairs to be stacked vertically. In addition, each base pair is rotated 36◦
counterclockwise relative to the base pair below it, rendering the two strands to follow a right-
handed2 helical path around the central axis of the helix. Hence the name ‘double helix’. Duplex
DNA can adopt a variety of other conformations (e.g. A-form DNA and the Z-form), but the
double helix, or B-form, is the most prevalent structure in vivo and in vitro and we only consider
this form in this thesis.
Figure 1.5: (A) The primary structure of DNA; (B) An example of a secondary structure of
DNA, the double helix; (C) An example of a tertiary structure of DNA, a simple closed circle;
(D) A projection of the imaginary central axis of the double helix of a positively supercoiled
covalently closed circular DNA molecule. Images modified from [6].
The tertiary structure of DNA describes the conformation of the central axis of the double
helix in space. In this thesis we consider only the central axis of the double helix when it forms
a closed circle (which can be planar, in which case the molecules relaxed or nicked, as in figure
1.5 (C), plectonemically supercoiled as in figure 1.5 (D) or knotted or linked as in figure 1.1,
explained below) and investigate how its topology is affected under the influence of site-specific
recombinases.
Suppose we have a covalently closed circular duplex DNA molecule that is 3, 000 base pairs
(bp) long and suppose that under some experimental conditions the helical periodicity of the
2Meaning that, observed along its helix axis, the two strands spiral in a clockwise fashion away from the
observer
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molecule is 10 bp per turn3. Under these conditions the two strands of an unconstrained molecule
should coil around each other 300 times (formally, the linking number (definition 1.1.6) of the
DNA strands should be +300). If this is the case then the molecule is torsionally relaxed and
the central axis of the double helix is planar, as in figure 1.5 (C). The linking number of DNA
strands in this stable planar conformation is denoted Lk◦.
Suppose instead that under different experimental conditions, the same molecule is torsion-
ally or otherwise stressed, rendering the helicity of the DNA to be different from 10bp/turn.
Denote this linking number of the two strands by Lk. Since the molecule is covalently con-
strained it is not able to release that torsional stress, so instead the molecule writhes in space. If
Lk < Lk◦ the double helix is under-wound and the molecule is called negatively supercoiled, and
if Lk > Lk◦ the helix is over-wound and the molecule positively supercoiled. A projection (of
the central axis of the double helix) onto the plane would trace a simple closed curve that crosses
over itself. By allocating over- and under- crossings information to the projection, induced from
the spatial conformation of the molecule, negatively supercoiled DNA would be seen to coil
over itself in a right-handed manner and positively supercoiled DNA in a left-handed manner
(figure 1.5 (D)). DNA supercoiling of this kind is called plectonemic supercoiling. Solenoidal
supercoiling is another form of supercoiling that can be visualised by wrapping the central axis
of the double helix around a donut surface. In this thesis, mostly plectonemic supercoiling is
considered. However, there exists solenoidal wrapping, for example that of the DNA around
ArgR and PepA in figure 1.10.
The central axis of the DNA double helix can also become knotted and linked. It may
seem surprising that DNA can form these structures, but a wide variety of knots and links have
been observed and they underlie many biological processes and have various experimental uses.
Naturally occurring knots in duplex DNA were first observed in bacteriophage P2 DNA in [95]
and in tail-less capsids of bacteriophage P4 DNA [94]. These knots occur with an extremely high
probability (95%) upon extraction of the DNA from the P4 tail-less mutant capsids and have
very large average crossing numbers [5]. Another fascinating instance of naturally occurring
catenated DNA molecules occur in the kinetoplast DNA of trypanosomatids [69]. In the species
Crithidia fasciculata the kDNA is a single massive network consisting of around 5000 tiny
DNA rings (aprox. 2.5 kb) that are interlocked with each other and form a topologically non-
trivial link that resembles a medieval mail chain armour. This breathtaking complexity of the
3Under standard experimental conditions (0.2M NaCl, pH 7, 37◦C) there are approximately 10.34 base pairs
per every turn of the helix, that is, the helical periodicity is approximately 10.34 bp/turn [6].
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kDNA presents a myriad of fascinating implications for biochemical reactions with proteins
in the mitochondria. DNA knots and links also arise naturally from cellular processes such as
replication, transcription, recombination and the action of other proteins such as topoisomerases.
There are many examples of naturally occurring DNA knots and links. It is impossible to provide
a comprehensive review of these here so we refer the reader to [6, 144].
Most often DNA knots and links are artificially generated using bacterial plasmids of ap-
proximately 3, 000 − 6, 000 bp long and site-specific recombinases. Table 1 in [20] illustrates
the topologies of some of the substrates that are most often used in topological enzymology
experiments with site-specific recombinases and of the products. Most DNA knots and links
that have been experimentally observed and used in models of site-specific recombination are
mathematically ‘simple’ (formally, they are rational knots and links, definition 1.1.12). This is
natural as all knots with minimal crossing number up to 7 are rational. However, as illustrated
in table 1 in [20] and as it will be shown in section 1.3.4, non rational knots and links do also arise
from recombination reactions on closed circular DNA. Site-specific recombination is discussed
in detail in section 1.2.
1.1.2.5 Experimental identification of DNA knots and links
The variety of DNA knots and links is very rich and it is often difficult to identify topological
isomers (topoisomers) of DNA. The two principal experimental methods for analysing DNA
knots and links are agarose gel electrophoresis and electron microscopy. For both processes the
DNA is nicked (one strand in the double helix is cut) prior to examination in order to remove
any supercoiling, which may otherwise bias the result by the presence of nugatory crossings.
Gel electrophoresis is a method of stratifying DNA molecules on the basis of size and com-
pactness. By applying an electric field, negatively charged molecules move through an agarose
matrix towards a positive electrode. The matrix works as a sieve. Smaller and/or more compact
molecules migrate more rapidly under the influence of the electric field. Mixtures of different
species can be readily separated into ladders and different forms are identified by comparing
their mobilities with previously determined markers. For molecules of the same size, as is the
case in topological enzymology experiments, it has been shown that electrophoretic mobility has
a linear correlation to the ideal geometrical representation of knots [128], the average crossing
number of knots and links [86], the average linking number of links and the sedimentation coef-
ficient of the species [140]. Therefore, although migration of DNA in agarose gels is currently
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incompletely understood, it is clear that there is a correlation between mobility on gels and
complexity for both knots and links. An example is illustrated in figure 1.6(A).
(A) (B)
Figure 1.6: (A) An example of gel electrophoresis used to stratify DNA knots and links. Figure
taken from [140]. (B) Examples of electron micrographs of DNA knots and links. (Right) the
figure of eight knot 41, (middle) a five component catenane, (left) a 13 crossings torus knot.
Images from [81,82,120].
Direct visualisation of single DNA molecules can be done by coating the DNA with the
protein RecA, to thicken the molecule, and seeing it under an electron microscope. Thickening
the molecule is done to permit the identification of crossings. Figure 1.6(B) illustrates various
images of DNA knots and catenanes under an electron microscope. Another method of direct
visualisation of DNA molecules is atomic force microscopy, for which the DNA does not need
protein coating.
Although gel electrophoresis and electron microscopy are instrumental in the experimental
identification of DNA knots and links, there is a limit to the information that can be obtained
using these methods. For example, there are one, one and two distinct prime knots with minimal
crossing number 3, 4 and 5, respectively. However, there are 1, 701, 936 distinct prime knots with
minimal crossing number less than 17 and the number increases exponentially as a function on
the minimal crossing number [44] (this is not counting the number of links or composite knots
and links). The identification of the topology of DNA molecules becomes increasingly difficult
with both experimental methods as the topological complexity increases. The topological model
presented in this chapter provides a bound on the possible topologies that can arise as products
from conservative site-specific recombination reactions on circular DNA, thus simplifying their
identification by experimental means.
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1.1.2.6 DNA knots and links as probes of DNA structure and DNA-protein inter-
actions
As described above, DNA knots and links are usually artificially created from the action of certain
proteins on covalently closed circular DNA molecules and they are created with the purpose of
being used in (topological, experimental and/or computational) assays to probe properties of
the DNA molecule and/or the protein-DNA interaction.
A variety of topological techniques have been used in both mathematical and experimental
studies of site-specific recombination. For example, the linking number was used to study the
structure of negatively supercoiled circular DNA in solution in [11]; the Jones polynomial was
used to work out a relationship between the polynomials associated with the substrate molecule
and the product molecules obtained by site-specific recombination in [147]. The tangle model [43]
of site-specific recombination was created to find possible mechanisms of recombination reactions
that change the topology of an unknotted substrate molecule to a rational knot or link. Band
surgery, a technique of generating new knots from old by an abstract manner of cutting and
glueing parts of knots and links was used to model and explain the mechanism of unlinking torus
links mediated by Xer recombinase in [119] from experiments in [9]. A model that predicts and
characterises the topology products of recombination on substrates that are unknot, unlinks and
torus knots and links was created in [19]. The model presented in this chapter is a generalisation
of that model to substrates that are twist knots. Rational sub-tangle replacement is a more recent
model, a similar idea to the tangle model, but considers reactions that do not necessarily change
the topology of the molecule [8].
A popular method of experimentally probing the mechanism of a site-specific recombinase is
to create a hybrid system of two recombinases, with accessory proteins and enhancer sequences
of a well understood recombinase that is highly topologically selective, and the catalytic sites of
the protein that is being investigated. Since the synaptic complex and products of a reaction
with the first protein are well understood, including the topology of the product DNA knots
and links expected to arise, the mechanism of strand exchange of the second molecule can be
deduced from the the topology of the products of the hybrid reaction. This has been done
using the well understood Xer and Tn3 resolvase systems, for Flp and most recently in [106]
for probing the serine recombinase ΦC31. Topological enzymology experiments have also been
used to understand other reactions, such as replication [84,101,121], transposition [62] and last,
but not least, the action of the ubiquitous topoisomerases [23,110].
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Understanding the physical properties of circular DNA is also necessary for the successful
analysis of the biological effects connected its topology. Important considerations include the
conformational and thermodynamic properties of supercoiled, knotted and linked DNA, DNA-
DNA and DNA-protein interactions and the dependence of all of these on solution conditions,
molecule length and sequence specificity. For a comprehensive review see [53,80,141,148].
1.1.2.7 Functional importance of topology
The importance of DNA and the basic features of its structure have been widely appreciated
since the description of the DNA double helix in 1953. Soon after that, in the 1960s, it star-
ted to become clear that there are many higher-order structural features of DNA that have
a profound effect on its function and important biological consequences. Prominent amongst
these are the topological (includes geometrical as well as topological) properties: supercoiling,
knotting, catenation, looping and their consequences in fundamental biological processes, such
as replication, recombination, the control of gene expression, other DNA-protein interactions
and chromosomal organisation and architecture. For example, DNA knots and links are readily
formed during site-specific recombination [22]; topoisomerases are a class of enzymes whose sole
purpose is to modulate DNA topology and their existence demonstrates the vital importance
of this aspect of DNA [47]; loop formation in DNA is inherent when proteins attach at two
distinct sites along the contour of a single DNA molecule and underlies important biological
processes [88]; and DNA supercoiling has a variety of effects on DNA-binding proteins [60] in
the overall control of gene expression and chromosome organisation [39] in bacteria. In addi-
tion, DNA topology is a fruitful source of new techniques that can be further developed in the
pharmaceutical and agricultural industries. For example, topoisomerases are a target for an-
tibacterial and antitumour drugs [12]; mechanistic details of recombinases, elucidated through
theoretical and experimental topological studies, have lead to impressive developments of genetic
tools for conditional targeting of genes [79]; and the study of the topology of small DNA circles
is currently being used for the future development of non viral gene therapy [26]. Knotting
and topology of proteins constitutes another leading subject in the application of topology to
molecular biology, leading back only a decade ago. This topic includes the study of folding
mechanisms of knotted proteins and the function of knots in proteins [131–133].
DNA topology is an interdisciplinary field constituted by experimentalists, physicist, com-
puter scientists and pure mathematicians. Their aim is to collectively investigate topological and
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geometric features of DNA and their implications for the physical and biological functionality of
the molecule, its interactions with itself, other nucleic acids and important proteins in the cell.
For a comprehensive review of these subjects, we refer the reader to the most recent source
[127].
1.2 Site-specific recombination.
This chapter is an introduction to an important cellular process called site-specific recombina-
tion, which we are interested in modelling in section 1.3.
Recombination is the process of rearrangement of genetic material, usually combining se-
quences from different DNA sites. It involves breaking of phosphodiester bonds in DNA and
rejoining of the broken ends to new partners. Genetic recombination can be broadly divided
into two types: general recombination, which involves exchange between two DNA molecules
that are very similar in DNA sequence, and site-specific recombination, for which apart from
the specific sites, the molecules themselves may have very different sequences.
Site-specific recombination involves DNA breakage and reunion mediated by proteins that
recognise short specific sequences (hence the name site-specific) on one or both of the recombining
molecules, and no DNA synthesis or high-energy cofactor. Recombination with a DNA sequence
specified in only one of the DNA partners is mediated by enzymes called transposases. These
act on specific DNA sequences at the ends of mobile genetic elements called transposons, excise
them, and insert them randomly into essentially any DNA sequence ( [33] and references therein).
Recombination with DNA sequences specified in both DNA partners4 is called conservative site-
specific recombination (see figure 1.7 for a simplified example of this system). This is the focus
of this chapter and the main points of relevance are the topological aspects of substrate and
product molecules of conservative site-specific recombination reactions. We refer to it simply as
site-specific recombination.
This reaction has two minimum requirements: two duplex DNA partners with specific se-
quences; and a specialised recombinase protein that is responsible for recognising the sites and
for breaking and rejoining the DNA with conservation of the phosphodiester bond energy. This
reaction can be divided into four conceptually simple steps (figure 1.7): (1) two recombinase
dimers bind to the two recombination sites; (2) the two recombinase-bound sites pair forming a
4‘Partner strands’ refers to the DNA strands that are to be joined in order to make a recombinant sequence
and ‘complementary strands’ refers to the Watson-Crick complementary strand.
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Figure 1.7: Example of possible topological outcome of site-specific recombination.
synaptic complex, (3) the recombinases catalyse cleavage, strand exchange, and the rejoining of
the DNA partner strands within the synaptic complex, (4) the synaptic complex breaks down,
releasing the recombinant products.
1.2.1 Description of the specific site and outcomes of recombination.
The simplest specific site is a short duplex DNA segment, 20 to 30 bp in length. At the two
extreme ends of the sites there is an inverted pair of enzyme-recognition and binding sites
that together bind one dimer of the recombinases. At the center of the specific site there is
a 6 − 8-bp spacer sequence where the point of DNA breakage and joining lies, often referred
to as the crossover site. Sequences of the spacers vary for different proteins, but there is gen-
erally a requirement for identity between recombination partners. Complex specific sites may
contain additional sequences at the center which span 100 or more base pairs. These extra
DNA sequences contain additional protein recognition sequences that bind more copies of the
recombinase, or other protein factors, for regulatory and/or structural purposes and are called
enhancer sequences (see figure 1.10 for an example). They enhance regulatory processes that
can operate at the level of synapsis, for example, by promoting synapsis of appropriate recom-
bination sites, or at the level of catalytic activation, by for example promoting the cleavage and
strand exchange steps only from appropriate synaptic complexes. Asymmetric central sequences
can be assigned an orientation according to the DNA sequence, and this orientation induces a
consistent orientation on the ambient molecule. For sites that are on the same molecule, if the
orientations match up, then the sites are said to be in direct repeat (or in head-to-tail orienta-
tion). If the orientations do not match up, then the sites are said to be in inverse repeat (or in
head-to-head orientation). This orientation assignment is done in order to keep track of various
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mechanisms by the proteins and the outcome of the reaction.
Depending on the initial arrangement of the parental recombination sites, site-specific recom-
bination can have one of three possible outcomes, integration, excision, or inversion of a DNA
segment (figure 1.8). Integration results from recombination between sites that are on separate
DNA molecules, at least one of which is circular. For sites located on the same molecule, the
outcome of recombination is determined by their relative orientation. Excision results from sites
that are in a head-to-tail orientation and inversion from sites in head-to-head orientation.
Figure 1.8: The three possible outcomes of site-specific recombination. Specific sites are illus-
trated by arrows. There are no enhancer sequences illustrated here. For an example, see figure
1.10. Image from [58].
1.2.2 Mechanisms of cleavage and strand exchange.
Breakage and rejoining of the DNA occurs with no loss or gain of nucleotides and with strict
conservation of phosphodiester bond energy. To achieve this, DNA strands are broken by direct
phosphoryl transfer to a side chain of the recombinase, a tyrosine or a serine. The side chain
directly attacks the DNA sugar-phosphate backbone at the crossover site in a transesterification
reaction, forming a covalent recombinase-DNA intermediate on one side of the break and a free
hydroxyl group on the other. Despite performing identical biological processes, two distinct
classes of site-specific recombinases have evolved with each family using different mechanisms
of DNA cleavage, and strand exchange. These two families are named after the amino acid
residue that forms a covalent protein-DNA linkage in the reaction intermediate - the tyrosine
recombinases and the serine recombinases. The two recombinase families are unrelated in protein
sequence or structure and appear to have arisen and evolved separately. In the case of tyrosine
recombinases, the DNA’s 5′ bridging O is displaced to create a phospho-tyrosyl bond to the
3′ end of the broken DNA strand with a free hydroxyl group at the 5′ end, and in the serine
case, the 3′ bridging O is displaced to form a 5′ phospho-serine linkage with a free hydroxyl
group at the 3′ end [111,112]. Rejoining the DNA strands is accomplished by the same process
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of nucleophilic displacement, but this time between the partners strands: the free hydroxyls
from one partner directly attacks the phosphodiester linkage between recombinase and DNA
of the other partner, releasing the recombinase and sealing the breaks to produce recombinant
products.
In more detail, within the synaptic tetramer with tyrosine recombinases, only alternating
protomers are active at any given time and only one complementary strand in a double helix
is cleaved and re-ligated to its partner strand before its complementary strand is also cleaved
and exchanged. Therefore there are no double-strand breaks. When one strand of each duplex
is cleaved by a nucleophilic tyrosine, the free 5′ ends attack the 3′ phospho-tyrosines of the
partner strand, forming a Holliday junction. After the first DNA partners are exchanged and
resealed, the complex isomerises so that the inactive monomers become active and vice versa.
The same process of single strand cleavage (per duplex), exchange and reseal happens again, now
between the two remaining partner strands. The DNA is now in a recombinant configuration
and the protein subunits are released. This process of strand exchange mediated by tyrosine
recombinases is called the strand-swapping isomerisation mechanism [10,25,27,51,52,54,59,65,
85,87,105,113,118,130,137,143,150]. There are currently two models of this process, depending
on whether the crossover sites are juxtaposed in parallel or nonparallel configuration in the
recombinase complex (figure 1.9(A)). With the serine recombinases, once a synaptic complex is
formed, the four recombinase subunits are activated to attack the two crossover sites, forming
two double-strand staggered breaks. The whole complex is held together only by protein-protein
interactions. Once both crossover sites are fully cleaved, it is believed that the DNA is exchanged
via a mechanisms of protein subunit exchange, where one half of the tetramer rotates 180◦
relative to the other [14, 15, 32, 57, 63, 71–73, 89, 122, 123, 126, 146]. The direction of rotation in
negatively supercoiled DNA is generally right handed, and with relaxed DNA rotations may
occur in either direction [76, 122]. Following the exchange, the free 3′ OH ends attack the 5′-
phospho-seryl linkages of their recombinant partners to rejoin the crossover sites in recombinant
configuration and release the protein subunits. This mechanism of strand exchange is called
subunit rotation mechanism (figure 1.9(B)).
More than one round of strand exchange before resealing the DNA is called processive recom-
bination. This can only be mediated by serine recombinases and introduces crossings between
the DNA duplexes. The whole process of recombination, including the breaking of the DNA,
exchanging of the sites, and resealing happening more than once in a single substrate is called
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distributive recombination and can be mediated by both types of recombinases.
(A) (B)
Figure 1.9: Generalised mechanisms of strand exchange mediated by the two families of site-
specific recombinases. (A) Two alternative models for strand exchange mediated by tyrosine
recombinases. (Top) Recombination on anti parallel crossover sites. (Bottom) Recombination
on parallel crossover sites introduces a crossing on the DNA strands. (B) Subunit exchange
mechanism model for strand exchange mediated by serine recombinases. Images from [56,58].
1.2.3 Regulatory mechanisms to favour a particular outcome.
Although there are three possible outcomes of recombination (figure 1.8) the proteins can usually
favour a particular result. There are natural and sophisticated regulatory mechanisms that help
achieve that without the requirement for energy sources.
Oriented central sequences can be aligned in the synaptic complex either parallel or anti par-
allel. This alignment may dictate whether recombination is carried out. For example, phospho-
seril bonds leave a two-base single-strand extension at each 3′ end. For the rejoining step it is
necessary that the two-base single-strand extensions of the partner sites are sequence comple-
mentary. It is believed that this only happens when the sites are in parallel orientation and
the presence of a mismatched site forces the recombinase to proceed through a second round of
strand exchange. This has no genetic consequence, as the parental sequence is restored, but the
double rotation may leave a topological footprint on the DNA molecule in the form of changing
the linking number difference (definition in section 1.1.2.4) of the molecule and/or generating
knotted or linked products (definition 1.1.1) [63, 71, 72, 116, 123–125, 146]. For tyrosine recom-
binases, it might be possible to carry out recombination with both alignments. However, there
is currently a preferred model where the sites are in anti parallel alignment and strand exchange
occurs through a Holliday junction, as illustrated in the top image of figure 1.9(A). The bottom
image of figure 1.9(A) shows that if the crossover sites are aligned parallel, strand exchange
would introduce a crossing between the recombinant sequences.
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Figure 1.10: Example of a regulatory processes mediated by Xer that leads to a deletion reaction
yielding specifically the right-handed anti parallel 421. Cleavage and strand exchange can only
take place after enhancer sequences help assemble the synaptic complex by wrapping around ac-
cessory proteins and trapping three negative anti parallel supercoils. Assembly is most efficient
with a supercoiled substrate containing the two sites in direct repeat. When the participating
sites are in inverted repeat a synapse cannot readily be assembled because compensating cross-
ings of opposite sign must be introduced elsewhere in the molecule. The exchange of sequences
introduces a negative crossing but it is unclear whether this is achieved due to the parallel
alignment of the crossover sites or because of an extra negative supercoil being trapped in the
branches of the DNA in order to align the sites anti parallel. However, recombination util-
ising anti parallel alignment of cores and the trapping of an additional supercoil is topologically
indistinguishable from recombination with parallel alignment of recombination crossover sites.
In some systems, enhancer sequences and accessory proteins (that may be either more copies
of the recombinase or other protein factors encoded by the host organism) help assemble specific
geometry of the synaptic complexes, which in turn promote strand cleavage and exchange and
specify a deletion, inversion or integration reaction. This type of regulatory mechanism is
referred to as a topological filter. Most recombinases that use a topological filter are serine
recombinases, but one well known example of this mechanism of selectivity is that of the tyrosine
recombinase Xer. In vitro, the protein mediates most efficiently a deletion reaction that yields
specifically the right-handed 4-noded catenane 421 with the resulting recombinant sites aligned
anti parallel. The uniqueness of this reaction is achieved by a very specific synaptic complex
(figure 1.10).
There are numerous examples of site-specific recombinases and details of recombination
regulation by these proteins can vary widely. For the rest of the chapter we concentrate only on
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the generalised mechanisms of strand exchange of both families and no assumptions are made
on specific regulatory mechanisms. It is important to keep in mind that many other important
factors of the mechanisms of recombination, than the ones presented here, are considered in
studies of these proteins. These include roles of protein-protein and DNA-protein interactions
in strand stabilisation and exchange, the roles of the individual residues that surround the
phosphodiester bond, environmental factors, sequence-dependent flexibility of the DNA, etc. A
combination of crystallographic, biochemical and computational studies have provided a wealth
of details about these factors. For a comprehensive review article on conservative site-specific
recombination we refer the reader to [58].
1.3 Topological model of site-specific recombination.
In [19] Buck and Flapan developed a model of generic site-specific recombination and used it to
predict and characterise the exact topology products of non-distributive site-specific recombina-
tion and multiple rounds of processive recombination on substrates that are unknots, unlinks and
torus knots or links. In this chapter the model by Buck and Flapan is generalised to substrates
that are twist knots.
It is important to note that this topological model does not consider one type of recombinase,
but instead the most general features of this group of proteins are taken into account. Specific
details about assumption made are discussed in section 1.3.2.
In figures, lines represent the central axis of the DNA double helix. In particular, when a
helix is drawn it would represent a supercoil and not the two DNA strands that make a double
helix structure.
1.3.1 Notation used in this model
Let J denote the substrate molecule. Once the synaptic complex has been formed B denotes
the convex hull (the smallest convex set) of the four bound (catalytic) recombinase molecules
together with the two crossover sites, named here the recombinase complex. J ∩B denotes the
DNA in the synaptic complex inside B. Let C be the closure of the complement of the ball B
in 3-space, that is cl(R3 −B), then J ∩ C denotes the DNA in the synaptic complex outside B
(figure 1.11(A)).
If J∩B is precisely the two crossover sites then the recombinase complex is called a productive
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synapse (figure 1.11(B)). In particular, for recombinases that utilise enhancer sequences and
accessory proteins, the recombinase complex is a productive synapse if the accessory sites and
proteins are sequestered from B. Note that if J∩B is a productive synapse then it can be thought
of as a 2-string tangle, however, unlike in the traditional tangle model [44] the complement of
B may take a variety of forms (not necessarily that of a tangle), so this potentially confusing
terminology is avoided.
(A)
J
(B)
Figure 1.11: (A) Notation of the model. (B) (Left) J ∩ B is a productive synapse. (Right)
J ∩B is not a productive synapse because it can not be drawn without also including the third
(horizontal, thin) strand.
1.3.2 Assumptions
The substrate molecule and three assumptions, about the pre- and post recombinant recombinase
complex and the synaptic complex, on which the model is based, are discussed. All assumptions
are given in both biological and mathematical terms. Evidence supporting these assumptions is
presented in section 1.3.2.1.
The substrate molecule. The substrate molecule is assumed to be a twist knot, denoted
C(2, v) (figure 1.4(B)). C(−2, v) is also a twist knot, however a continuous deformation of the
hook takes the knot C(−2, v) to the knot C(2, v−1). Therefore it is assumed that the substrate
molecule is C(2, v). No assumption is made on the length of the substrate molecule in terms of
the number of base pairs.
Twist knots are one of the most common DNA conformations of topological enzymology
1.3. TOPOLOGICAL MODEL OF SITE-SPECIFIC RECOMBINATION. 39
experiments, as illustrated in table 1 in [20] . This is not surprising as it only takes one crossing
change to change a plectonemically supercoiled unknot into a twist knot (figure 1.12) and both
in vivo and in vitro most DNA is plectonemically supercoiled.
Despite the biological importance of twist knots, there has yet to be a systematic theoretical
or experimental model incorporating these as substrates for site-specific recombination. Earlier
predictions of knots arising from site-specific recombination only considered the unknot, the
unlink and torus knots and links as substrates [19,20].
Figure 1.12: Only one crossing change is needed to obtain a twist knot from a plectonemically
supercoiled unknot.
Pre-recombinant recombinase complex.
Biological Assumption 1. The recombinase complex is a productive synapse, and there is a
projection of the crossover sites which has at most one crossing between the sites and no crossings
within a single site.
Mathematical Assumption 1. B ∩ J consists of two arcs and there is a projection of B ∩ J
which has at most one crossing between the two arcs and no crossings within a single arc.
Fix a projection of J such that B∩J has one of the forms illustrated in figure 1.13. Observe
that form B1 can be rotated by 90◦ to obtain form B2. However, form B1 and B2 are listed as
two different forms to make subsequent figures easier to follow (similarly for forms B3 and B4).
Note that hooked productive synapses (with two crossings) are biologically possible because
there exist many recombinases whose recombinase complex is not characterised and for these
systems pre-recombinant B ∩ J could be hooked. Furthermore, a hook has no projections with
no crossings but does have projections with one crossing, therefore this does not contradict
Assumption 1. No assumptions are made on site orientation.
Synaptic complex.
Biological Assumption 2. The synaptic complex does not pierce through a supercoil or a
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Figure 1.13: Assumption 1 - Projections of the pre-recombinant B.
branch point in a nontrivial way, the supercoiled segments are closely juxtaposed and no persistent
knots or links are trapped in the branches of the DNA on the outside of the recombinase complex.
Before assumption 2 can be written as a mathematical statement, preliminary definitions
and results are presented.
Spanning surface of J . [19]. Consider a surface lying on the plane together with a finite
number of arcs in the surface whose endpoints are on the boundary of the surface. Such a planar
surface with arcs can be used to obtain a non-planar surface by replacing a neighbourhood of
each arc in the original surface by a half-twisted band and removing the top and bottom ends
of the band. A planar surface with twists is defined to be any surface which can be obtained
from a planar surface in this way. A surface D with boundary J is a spanning surface for J if
D is topologically equivalent to a doubly-punctured planar disc with twists when J is a twist
knot (figure 1.14(A)). In the construction the twisted bands that replace the arcs connecting
boundaries 1 − 2 and 1 − 3 are chosen such that the corresponding crossings defined on the
non-planar surface with twists make a set of +2 horizontal crossings.
Piercing of a supercoil by B. A spanning surface D is pierced non-trivially by B if and
only if D ∩ ∂B (the intersection of the spanning surface D and the sphere boundary of the ball
B) contains at least one circle in addition to the required two arcs and no ambient isotopy of
D removes this additional circle. Figures 1.14(Bi) and (Bii) show examples of when D ∩ ∂B
consists of two arcs and at least one circle. In figure 1.14(Bii) a continuous deformation of D
that pulls out the branch of the DNA piercing through a surpercoil would remove the circle but
in figure 1.14(Bi) no matter how the spanning surface D is chosen the circle persists. Note that
the intersection of any spanning surface for J and ∂B contains exactly two arcs. This is because
by assumption 1 B contains exactly two arcs of J = ∂D, thus ∂B ∩ J is precisely four points.
It follows that the intersection of any spanning surface for J with ∂B contains exactly two arcs
whose endpoints are the four points ∂B ∩ J . By biological assumption 2 B does not pierce the
interior of any spanning surface D in a non-trivial way, therefore D ∩ ∂B does not have circles
that cannot be removed by an ambient isotopy of D.
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Persistent knots outside B. Persistent knots or links are those that remain after a continuous
deformation of the DNA molecule keeping B fixed. D∩C is unknotted relative to ∂B if there is
an ambient isotopy of C point-wise fixing ∂B that takes D∩C to a doubly-punctured planar disc
with twists, where the end points of the arcs defining the twists are disjoint from ∂B. Figure
1.14(Biii) shows a knot trapped in the substrate molecule outside of B and figure 1.14(Biv)
shows an example of D ∩ C unknotted relative to ∂B.
Close juxtaposition of supercoils. By biological assumption 2 the supercoiled segments of the
DNA molecule J are closely juxtaposed. This means that the two arcs in D ∩ ∂B are each very
short, so it can be assumed that they are co-planar.
(A)
(B)
Figure 1.14: Assumption 2 - (A) Construction of the spanning surface D of J . The planar surface
is a doubly punctured disc with properly embedded arcs. It has three boundary components
illustrated by the numbers 1, 2 and 3. The arcs are replaced by twisted bands to create the
non-planar surface whose boundary is the twist knot C(2, v). (B) Topology of the spanning
surface of J . (i) B pierces a supercoil in a non-trivial way. (ii) B pierces a supercoil trivially.
(iii) A knot is trapped in the branches of the DNA outside of the recombinase complex. (iv)
No knot is trapped in the branches of the DNA outside of the recombinase complex.
Mathematical Assumption 2. J has a spanning surface D that is ambient isotopic to a
doubly-punctured planar disc with twists, such that D ∩ ∂B consists of exactly two arcs that are
disjoint from the arcs defining twists, the two arcs are co-planar and D∩C is unknotted relative
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to ∂B.
The fact that J (specifically the substrate molecule before the synaptic complex is formed)
has a spanning surface D satisfying assumption 2 means the model is independent of the pro-
jection of J .
Post-recombinant recombinase complex.
Biological Assumption 3. (For tyrosine recombinases). After recombination mediated by a
tyrosine recombinase, there is a projection of the crossover sites which has at most one crossing
between the sites and no crossings within a single site (figure 1.9(A)).
(For serine recombinases). Serine recombinases perform recombination via the subunit exchange
mechanism. This mechanism involves making two simultaneous double-stranded breaks in the
sites, rotating two recombinase molecules in opposite sites by 180◦ within the recombinase com-
plex and resealing the new DNA partners. In each subsequent round of processive recombination
the same set of subunits is exchanged and the sense of rotation remains constant (figure 1.9(B)).
Mathematical Assumption 3. (For tyrosine recombinases). After recombination mediated
by a tyrosine recombinase, there is a projection of the crossover sites which has at most one
crossing between the sites and no crossings within a single site (figure 1.15 (A)).
(For serine recombinases). After (each round of processive) recombination mediated by a serine
recombinase, there is precisely one additional crossing between the crossover sites (figure 1.15
(B)).
(A) (B)
Figure 1.15: Assumption 3 for (A) tyrosine recombinases and (B) serine recombinases.
1.3.2.1 Biological justification of the assumptions.
Evidence for these assumptions was first collected in [20]. Since then many more in vitro bio-
chemical studies [37,106,107], crystal structures [1,70,98,107,114] and computational models [61]
that support these assumptions have been carried out. Here we give a concise description of the
supporting results and refer the reader to those references for further details.
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Evidence for assumption 1: DNA has a geometric diameter of 2 nm and an electrostatic
diameter of approximately 5 nm at physiological conditions. In addition, crystal structures of
a single site with a monomer or a dimer show that proteins bind and interact with the DNA
near the substrate crossover region and that they form significant protein-protein interfaces
with the other protomers in an assembled tetrameric complex. These steric and electrostatic
constraints imposed by the electrostatic diameter of the DNA and DNA-protein and protein-
protein interactions seem to limit the number of crossings between the strands and make it
highly improbable for there to be any crossings within a single site or any involvement of a
third extraneous strand. In addition, various biochemical studies, currently accepted models
and crystal structures show that if a recombinase requires an enhancer sequence then it must
be sequestered from the recombinase complex.
Evidence for assumption 2: Compact plectonemic supercoiling. Microscopy studies under
both physiological conditions and those that minimise inter segmental repulsion studies, and
computational studies, have shown that supercoiled DNA adopts a compact plectonemic con-
figuration with close juxtaposition of DNA segments. Non-trivial piercing of supercoils by the
recombinase complex. Electrostatic constrains of DNA helices, supercoiled domains and of the
recombinase complex (as discussed for assumption 1) makes it unlikely that supercoil domains
are pierced by DNA helices or the recombinase complex. Persistent knots or links trapped in
the synaptic complex. If persistent knots or catenanes could be trapped within the branches of
the substrate(s) on the outside of the productive synapse then satellite knots and links (figure
1.4(D)) would be observed. However no such products have thus far been observed either in
vivo or in vitro which indicates that no knots or catenanes are trapped in the synaptic complex.
In addition, the probability of one duplex linear molecule, or a supercoiled domain invading
another supercoiled domain has been shown to be quite low, both experimentally and compu-
tationally. Therefore, trapping a persistent knot or catenane within the branches of the DNA
during synapsis is unlikely.
Evidence for assumption 3: For serine recombinases. In vitro topology studies, single DNA-
protein studies and crystal structures, of, for example, intermediate recombinase and synaptic
complexes, with the proteins Gin, Hin, Tn3, ΦC31 and Sin, have provided solid support for
the subunit exchange mechanism. For tyrosine recombinases. Crystal structures of synaptic
intermediary stages - after the first cleavage, during exchange, or within a Holliday junction
intermediate - show that there exists ≤ 1 crossing between the sites and highlight features of the
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productive synapse that may impede the large-scale conformational changes needed to introduce
more than one crossing. Protein-protein interactions in an assembled tetrameric complex in
conjunction with steric and electrostatic constrains of the short DNA crossover sites make it
unlikely that, in the final stages of strand exchange, there is enough motion of the DNA arms
to generate multiple additional crossings between sites or a crossing within a single site.
1.3.3 Possible forms of the productive synapse J∩B and the synaptic complex
J ∩ C
In this section the pre-recombinant and post-recombinant conformations of the recombinase
complex J ∩B and all possible conformations of the synaptic complex J ∩ C are determined.
1.3.3.1 Pre-recombinant and post-recombinant forms of J ∩B
As a result of assumption 1 J ∩ B can take forms B1, B2, B3 or B4 (figure 1.13) before
recombination.
Tyrosine recombinases. By assumption 3 for tyrosine recombinases it can be assumed that
the post-recombinant projection of J ∩ B has one of the eight forms in figure 1.15(A). Forms
B5, B6, B7 and B8 are hooks which have no projections with no crossings but do have projections
with one crossing, so these configurations are allowed by assumption 3. Forms B1, B3, B5 and
B7 are equivalent by a 90◦ rotation to forms B2, B4, B6 and B8 respectively. These are listed
separately in order to make it easier to follow the proof of theorem 1.3.2.
Serine recombinases. It follows from assumption 3 that after n rounds of processive recom-
bination mediated by a serine recombinase there are either n− 1, n or n+ 1 additional crossings
of the same sign (that can be positive, negative or zero). For clarity and without loss of gener-
ality it is assumed that after n rounds of processive recombination there are n new crossings of
the same handedness. Therefore J ∩B is isotopic to a form having projections n1 or n2 (figure
1.15(B)). Note that form n2 can be obtained from form n1 by rotating by 90◦. These are listed
as separate forms in order to make it easier to follow the proof of theorem 1.3.2.
1.3.3.2 Forms of J ∩ C
For simplicity, the phrase ‘J ∩ C has a particular form’ will be used to mean ‘J ∩ C is ambient
isotopic, point wise fixing ∂B’, to that form.
1.3. TOPOLOGICAL MODEL OF SITE-SPECIFIC RECOMBINATION. 45
Lemma 1.3.1. Suppose that assumptions 1, 2 and 3 hold for a particular recombinase-DNA
complex with substrate J . Let J be a twist knot C(2, v). Then J ∩ C has one of possible five
forms illustrated in figure 1.16 with corresponding form of J ∩B.
Figure 1.16: Lemma 1.3.1 - Forms of the synaptic complex.
Proof. By assumption 2 a spanning surface D of J is a doubly punctured disc with twists, D∩C
is unknotted rel ∂B and D ∩ ∂B is two co-planar arcs that are disjoint from the arcs defining
the twists.
Let A be the one-point union (or wedge sum) of two circles that represents the core D. Any
wedge sum of two circles in R3 can be isotoped so that it intersects a 2-sphere at an even number
of points (possibly zero). In particular A intersects ∂B at an even number of points and each
of these points are contained in the two arcs D ∩ ∂B. Therefore A intersects each of the two
arcs D ∩ ∂B an even or an odd number of times. If each arc of D ∩ ∂B intersects the core A an
odd number of times then the two arcs D ∩ ∂B bound a (possibly twisted) band. If each arc of
D ∩ ∂B intersects the core A an even number of times then each arc cuts off a disc from D. In
this case, either the two arcs cut off disjoint discs in D or one of the discs is contained inside of
the other, in which case the two arcs again bound a (possibly twisted) band.
The doubly-punctured disc with arcs that generates D can be regarded as a thrice-punctured
S2 with a collection of arcs connecting the punctures, which in turn can be abstractly regarded
as a graph with three points and a collection of arcs connecting them (figure 1.17(A)). Consider
where the endpoints of the two arcs D ∩ ∂B lie. By symmetry of the graph in figure 1.17(A)
these are located either both on boundary 1 ; both on boundary 3 ; one on the boundary of
puncture 1 and the other on the boundary of puncture 3 ; or one on the boundary of puncture
2 and the other on puncture 3.
Each of these cases are considered in figure 1.17(B). Since the pre-recombinant J∩B contains
at most one crossing, almost all of the twists of C(2, s) are contained in C = cl(R3 −B). Since
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(A)
(33) (23)
(13) (11)
(B)
Figure 1.17: Characterisation of the synaptic complex. Step 1: Recall D ∩ ∂B is two arcs.
Qualify sites up to how D ∩ ∂B intersect the core of D which is a wedge sum of to circles. Step
2: Characterise position of endpoints of D∩∂B up to boundary component. Step 3: Determine
positions D ∩ ∂B up to being separated by crossings. Step 4: Show case is ambient isotopic to
each of the 5 forms of the synaptic complex illustrated in lemma 1.3.1.
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D∩∂B is disjoint from the arcs defining the twists the abstract forms illustrated on the left-hand
side of each case are all the possible combinations of locations of ∂D ∪ ∂B and these yield the
corresponding forms of C ∩J illustrated on the right-hand side of each case, up to isotopy fixing
∂B. Thus the five forms of C ∩ J illustrated in figure 1.16 are the only ones possible.
In form C1, the number of twists s and q add up to v (s + q = v), the twists in row u are
assumed to arise from plectonemic supercoiling of the DNA molecule, so there can be arbitrarily
many of them, and any twists above B can be removed and added to the row of u crossings by
rotating C ∩D by some multiple of pi. In form C2, while there may be twists to the left or right
of B, they are topologically insignificant, since they can be removed by rotating C ∩D by some
multiple of pi.
1.3.4 Topological characterisation of putative products
The topology of all possible knotted or linked products brought about by a non-distributive
recombination reactions with tyrosine recombinases and serine recombinases is characterised in
theorem 1.3.2. Knots and links that arise from distributive recombination, that can not arise all
together and that have minimal crossing number one more than the substrate are also discussed
in sections 1.3.4.2 and 1.3.4.1.
Theorem 1.3.2. (A) Tyrosine recombinases. Suppose that assumptions 1, 2 and 3 hold for a
particular tyrosine recombinase-DNA complex with substrate J . If J is a twist knot C(2, v) then
the only possible products (of a non-distributive reaction) are
C(2, l) for l = v, v ± 1, v ± 2; C(k, v) for k = ±2,±3, 4;
T (2,m) for m = 1, 2, v, v ± 1, v ± 2; T (2,±2)]C(2, v);
F (0v, v − 1, 2,−1, 0v,−1); F (0v, v, 2, 0, 0v, 2);
F (0v, q, 2, s, 0v, u) for and s+ q = v; F (0v, q, 2, s,±2, u) for and s+ q = v;
These are illustrated in figure 1.18(A).
(B) Serine recombinases. Suppose that assumptions 1, 2 and 3 hold for a particular serine
recombinase-DNA complex with substrate J . If J is C(2, v) then the only possible products (of
a non-distributive reaction) are
F (0v, q,+2, s,±n, u); F (0h, q,+2, v,±n, 0); C(r, v) for r = 2,±n+ 2,±n;
C(2, v ± n); T (2,±n)]C(2, v); T (2, v ± n).
These are illustrated in figure 1.18(B).
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(A)
(B)
Figure 1.18: Theorem 1.3.2 (A) - Products of recombination with tyrosine recombinases are
presented in this matrix, where the rows correspond to the forms of C ∩J determined in lemma
1.3.1 (figure 1.16) and the columns correspond to the forms of B ∩ J determined from assump-
tion 3 for tyrosine recombinases. Theorem 1.3.2 (B) Products of recombination with serine
recombinases.
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In addition, all products of recombination of site-specific recombination on twist knots sub-
strates belong to family F (p, q, r, s, t, u) illustrated in figure 1.4(C).
Proof. By assumption 3 after recombination with a tyrosine recombinase J ∩ B has one of the
eight post-recombinant forms illustrated in figure 1.15(A); and by lemma 1.3.1 C ∩ J has one of
the five forms illustrated in figure 1.16. The products of recombination mediated by a tyrosine
recombinase are obtained by replacing the pre-recombinant forms of J ∩B in each of the forms
of C ∩ J in figure 1.16 with each of the eight post-recombinant forms of J ∩B in figure 1.15(A).
The resulting products are illustrated in figure 1.18(A). This figure is organised as a matrix with
rows corresponding to the forms of C ∩ J and columns corresponding to the forms of B ∩ J .
By assumption 3, after recombination with a serine recombinase, J ∩ B has one of the two
post-recombinant forms n1 and n2 illustrated in figure 1.15(B). By lemma 1.3.1 C∩J has one of
the five forms illustrated in figure 1.16. The products of recombination with serine recombinases
are obtained by replacing each of the pre-recombinant forms of J ∩B with their corresponding
post-recombinant form of J ∩ B. The resulting products are illustrated in figure 1.18(B). The
resulting products are illustrated in figure 1.18(B).
Since T (2,m) = F (0h, q,m, s, 0h, u), C(r, s) = F (0v, 0, r, s, 0h, u), T (2,m)]C(r, v) = F (0v,m, r, s, 0h, u)
(that is, all the product of recombination mediated by tyrosine and serine recombinases on a
twist knot substrate C(2, v) can be written in the form F (p, q, r, s, t, u) for various values of
p, q, r, s, t, u) it follows that products of recombination with tyrosine recombinases are members
of F (p, q, r, s, t, u). Specifically products of recombination mediated by tyrosine recombinases
are members of F (0, q,+2, s,±2, u) with q + s = v and u ∈ Z and by serine recombinases are
members of F (0, q,+2, s, n, u) with q + s = v and n, u ∈ Z.
The family of products of recombination on substrates that are the unknot, the unlink
and torus knots and links, predicted in [19], is a subfamily of F (p, q, r, s, t, u). Theorem 1.3.2
distinguishes between the chirality of the product DNA molecules since using the model the
exact topology of the products is specified. For example, starting with the twist knot substrate
C(2,−1) (a right-handed (or (+)) trefoil), according to the model, site-specific recombination
mediated by a tyrosine recombinase yields C(2,−3), which is a (+) 52 (or right-handed twist
knot with 5 crossings) and can never yield C(2,+3), which is a (−) 52.
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1.3.4.1 Products of distributive recombination
There are a number of simple knots and links that cannot arise as products of non-distributive
site-specific recombination.
Corollary 1.3.3. Suppose that assumptions 1, 2 and 3 hold for a particular site-specific recombinase-
DNA complex with substrate a twist knot C(2, v). Any product that falls outside of family
F (p, q, r, s, t, u) must arise from distributive recombination.
• Non-Montesinos knots and links that cannot arise from recombination mediated neither by a
serine recombinase, nor a tyrosine recombinase. For example, the knot 818 is one of the smallest
non-Montesinos knots, so it does not belong to the family F (p, q, r, s, t, u) and therefore cannot
arise as a product of non-distributive recombination on a twist knot substrate.
• Montesinos knots and links that cannot arise from recombination mediated neither by a serine
recombinase, nor a tyrosine recombinase. Products of recombination with a tyrosine recombinase
belong to F (0v, q,+2, s,±2, u) and with a serine recombinase belong to F (0v, q,+2, s,±n, u).
Therefore any knots or links in F (p, q, r, s, t, u) with values of p, q, s, t, u ∈ Z and |r| > 2 can not
arise as products of non-distributive recombination.
• Knots that can arise as products of recombination mediated by a serine recombinase, but not by
a tyrosine recombinase. Since serine recombinases can mediate iterated rounds of site-exchange
before ligation of the DNA (and tyrosine recombinases can not), this question is interesting.
Any such products would have a projection in F (0, q,+2, s,±n, u) with |n| > 2.
1.3.4.2 Products with minimal crossing number one more than the substrate
Site-specific recombination often increases the minimal crossing number of a knotted or linked
substrate by one (see for example table 1 in [20] and references therein). For such products their
knot and link type can be further restricted.
The family of knots and links C(r, s) = N( rrs+1) has minimal crossing number |r|+ |s| − 1 if
r and s have the same handedness and minimal crossing number |r|+ |s| if r and s have opposite
handedness [19]. Therefore, since the two crossings in the hook of C(2, v) have right-handedness,
the minimal crossing number of C(2, v) is v + 1 when v is right-handed, and |v| + 2 when v is
left-handed.
Theorem 1.3.4. Suppose that assumptions 1, 2, and 3 hold for a particular recombinase-DNA
complex with substrate J = C(2, v), v 6= 0 and denote the minimal crossing number of J by
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d > 0. Let L be the product of a single recombination event and suppose the minimal crossing
number of L = d+ 1. Then:
If v is right-handed, L is either: C(−2, v), C(2, v + 1), C(3, v), T (2, v + 2), F (0v, q, 2, s, 0v,±1).
If v is left-handed, L is either: C(2, v − 1), C(3, v), F (0v, q, 2, s, 0v,±1).
Proof. If d ≤ 2 J is the unknot. This case is considered in [19] so is not considered here. So
assume d ≥ 3.
By assumption 1 there is a projection of J such that pre-recombinant J ∩ B has at most
one crossing. By assumption 3 the post-recombinant forms of J ∩ B that add at most one
crossing are illustrated in figure 1.15(A). By lemma 1.3.1 C ∩ J has the forms C1, C2, C3, C4
or C5 illustrated in figure 1.16). Therefore L has one of the forms illustrated in figure 1.18(A).
Table 1.1 lists the minimal crossing number of the products illustrated in figure 1.18(A). If the
substrate J = C(2, v) has v right-handed then the minimal crossing number of J is d = v + 1.
Therefore the products that have minimal crossing number equal to v+2 in the middle column of
table 1.1 are the only products with minimal crossing number d+1. If the substrate J = C(2, v)
has v left-handed then the minimal crossing number of J is d = |v|+ 2. Therefore the products
that have minimal crossing number equal to |v|+ 3 in the right-most column of table 1.1 are the
only products with minimal crossing number d+ 1.
Note. A reaction that increases the minimal crossing number of the product by one could
result in a change in the number of components. For example, with the substrate is C(2, 2)
(a knot) one of the possible products, according to theorem 1.3.4, is T (2, 4) (a two component
link).
1.4 Growth of family of products as a function on the minimal
crossing number
Let d denote the minimal crossing number of a knot or link. It is a well known fact that the
number of prime knots and links (links with up to two components and counting chiral pairs
separately) grows exponentially as a function of d [44]. By contrast theorem 1.4.4 below shows
that the number of knots and links that are putative products of site-specific recombination
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Table 1.1: Proof of theorem 1.3.4, products with minimal crossing number one more than the
substrate.
Products minimal crossing number of
product with v right-handed
minimal crossing number of
product with v left-handed
C(2, v) v + 1 v + 2
C(−2, v) v + 2 v + 1
C(2, v + 1) v + 2 v + 1 (for v 6= −1)
C(2, v − 1) v (for v 6= 1) v + 3
C(2, v + 2) v + 3 v (for v6= −2)
C(2, v − 2) v − 1 (for v 6= 2) v + 2
C(2, v) + O v + 1 v + 2
C(3, v) v + 2 v + 3
C(−3, v) v + 3 v + 2
C(4, v) v + 3 v + 4
T (2, 1) 0 0
T (2, 2) 2 2
T (2, v) v v
T (2, v + 1) v + 1 v + 1
T (2, v − 1) v − 1 v − 1
T (2, v + 2) v + 2 v + 2
T (2, v − 2) v − 2 v − 2
T (2, 2)]C(2, v) v + 3 v + 4
T (2,−2)]C(2, v) v + 3 v + 4
F (0v, v − 1, 2,−1, 0v,−1) v + 3 v + 5
F (0v, v, 2, 0, 0v, 2) v + 4 v + 4
F (0v, q, 2, s, 0v, u) v + 1 + u (⇒ u = ±1) v + 1 + u (⇒ u = ±1)
F (0v, q, 2, s, ov, u + 1) v+1+u
′ (where u′ = u+1,⇒ u′ =
±1)
v+1+u′ (where u′ = u+1,⇒ u′ =
±1)
F (0v, q, 2, s, ov, u− 1) v+1+u′ (where u′ = u−1,⇒ u′ =
±1)
v+1+u′ (where u′ = u−1,⇒ u′ =
±1)
F (0v, q, 2, s, ov, u + 2) v+1+u
′ (where u′ = u+2,⇒ u′ =
±1)
v+1+u′ (where u′ = u+2,⇒ u′ =
±1)
F (0v, q, 2, s, ov, u− 2) v+1+u′ (where u′ = u−2,⇒ u′ =
±1)
v+1+u′ (where u′ = u−2,⇒ u′ =
±1)
F (0v, q, 2, s, 2, u) v + 3 v + 4
F (0v, q, 2, s,−2, u) v + 3 v + 4
on a twist knot substrate grows linearly as a function of d5. This means that as d increases
the proportion of all knots and catenanes that are putative products decreases exponentially
rapidly to zero. So for a knotted or linked product of site-specific recombination on a twist knot
substrate, knowing its minimal crossing number and that it belongs to family F (p, q, r, s, t, u)
allows significant narrowing of the possibilities for its precise knot or link type. This result
provides an important step in helping the experimental characterisation of product DNA knots
and links of site-specific recombination. The following definitions and results are used in the
proof of theorem 1.4.4.
Definition 1.4.1. A link diagram is called alternating if the crossings alternate under and over
as you travel along each component of the link. A link diagram is called reduced if it does not
contain any ‘removable’ or ‘nugatory’ crossings.
Definition 1.4.2. A link diagram is called a reduced Montesinos if it admits a diagram as the
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numerator closure of the sum of finitely many rational tangles N (R1 + ...+Rk) such that each
Ri has a diagram that is reduced alternating with one crossing between the two arcs at the bottom
of the tangle and at least one more crossing.
Theorem 1.4.3. (Thistlethwaite (1987) [134], Murasugi (1987) [99], Lickorish and Thistleth-
waite (1988) [91].) A link that admits a reduced alternating or reduced Montesinos diagram with
d crossings cannot be projected with fewer than d crossings .
Theorem 1.4.4. The number of distinct non-trivial subfamilies of knots and links in F (p, q, r, s, t, u)
(figure 1.4(C)) with minimal crossing number d grows linearly with d5.
For family F (p, q, r, s, t, u), for a fixed minimal crossing number d, it is clear that there
are at most 26
(
(d−2(6))+(6−1)
6−1
)
(which is of the order of d5) ways in which a combination of
|p|, |q|, |r|, |s|, |t|, |u| can add up to d. However, the minimal crossing number of a knot or link in
this family may not necessarily be equal to |p|+ |q|+ |r|+ |s|+ |t|+ |u| since it is possible that
the number of crossings can be significantly reduced by continuous deformations. So a priori,
there is no reason to believe that the number of knots and links in this product family should
grow linearly with d5.
In short, the proof has two steps: (1) find distinct non-trivial subfamilies of F (p, q, r, s, t, u);
(2) find an upper bound on the number of knots and links in each subfamily as a function
of its minimal crossing number. The subfamilies are obtained by letting the variables p, r, t
equal 0h, 0v or ±1 (figure 1.19(A)). Subfamily 1 is denoted by FS1 = F (0h, q, r, s, t, u), |t|, |r| >
1; Subfamily 2 is denoted FS2 = F (0v, q, r, s, 0v, u), |r| > 1; Subfamily 3 is denoted FS3 =
F (0v, q, r, s, t, u), |t|, |r| > 1; Subfamily 4 is denoted FS4 = F (p, q, r, s, t, u), |p|, |t|, |r| > 1; the
last three subfamilies are T (2, r) = F (0h, q, r, s, 0h, u); K(q, s, u) = F (0v, q, 0v, s, 0v, u); and
021 = F (0h, q, 0h, s, 0h, u). To count the number of knots and links in a subfamily it is enough
to find a projection that has minimal number of crossings by [91, 99, 134]. Then the number of
knots and links in that subfamily is a function on the number of variables of the projection.
Proof. Fix a minimal crossing number d. Suppose K is a diagram of a knot or a link in family
F (p, q, r, s, t, u) with minimal crossing number d. Then this projection has |p|+|q|+|r|+|s|+|t|+
|u| crossings and K. We prove that K either is a diagram that is reduced alternating or reduced
Montesinos, in which case n = |p|+ |q|+ |r|+ |s|+ |t|+ |u| or K can be isotoped to a diagram
that is reduced alternating or reduced Montesinos in which case n 6= |p|+ |q|+ |r|+ |s|+ |t|+ |u|.
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(A)
(B)
Figure 1.19: Proof of theorem 1.4.4 - (A) Subfamilies of F (p, q, r, s, t, u) used to prove theorem
1.3.4. (B) Example of isotopy taking this projection that has |r|+ |q|+ |u| crossings to a reduced
alternating projection with |r− 2|+ |q− 1|+ |u− 1|+ 1 + 1 crossings, implying that the minimal
crossing number of this knot or link is |r − 2|+ |q − 1|+ |u− 1|+ 1 + 1.
Figure 1.19(B) illustrates an example of how to obtain a reduced alternating projection of a
knot or link via a continuous deformation of the strands of the knot or link. Similar isotopies
are used to obtain a reduced Montesinos diagrams from a non-alternating diagram. All of the
isotopies used to get rid of unnecessary crossings involve moving at most three such strands.
Subfamily FS2 = F (0v, q, r, s, 0v, u) is equivalent to the Buck-Flapan family in [19] (fig-
ure 1.19(A)) which was proved to grow as a linear function of d3. For subfamily T (2, r) =
F (0h, q, r, s, 0h, u) there is exactly one knot or link for a given d. Subfamily K(q, s, u) =
F (0v, q, 0v, s, 0v, u) grows as a linear function of d
2. Subfamily F (0h, q, 0h, s, 0h, u) is the trivial
two-component link 021 for which there is exactly one. The last subfamilies to consider are
FS1 = F (0h, q, r, s, t, u), FS3 = F (0v, q, r, s, t, u) and FS4 = F (p, q, r, s, t, u) which grow as a
linear function of d3, d4 and d5, respectively, as shown in table 1.2. The necessary isotopies are
also specified there.
There are 27 nontrivial distinct subfamilies of the Buck-Flapan family and 105 in table 1.2.
The number of knots and link in each of these families is bounded above by 64d5. It follows
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that for a given d the number of distinct knots and links in the product family F (p, q, r, s, t, u)
with minimal crossing number d is bounded above by 64d5× (27 + 105) = 8448d5. In particular,
the number of distinct products knots and links of site-specific recombination on twist knot
substrates, that have minimal crossing number d, grows linearly with d5.
Table 1.2: Proof of theorem 1.4.4. Minimal crossing forms of FS1 , FS3
and FS4 .
Values of p, q, r, s, t, u Minimal crossing
form
Strands
moved
MCN as a sum of non-negative in-
tegers
Upper
bound on
number of
links
p, t = 0h T (2, r) 0 |t| 2
p, r, t = 0v K(u, s, q) 0 |u|+ |s|+ |q| 8d2
p, r, t = 0h unlink 0 0 1
p = 0h, r > 1, s + u ≥ 1, t > 1 reduced alternating 0 t + u + s + r d3
p = 0h, r > 1, s + u ≥ 1, t < −1 reduced Montesinos 1 |t− 1|+ (u + s− 1) + r + 1 2d3
p = 0h, r > 1, s + u ≤ −2, t > 1 reduced Montesinos 2 t− 1 + |u + s− 2|+ r − 1 2d3
p = 0h, r > 1, s + u = 0, |t| > 1 T (2, r + t) 0 |t + r| 2
p = 0h, r > 1, s + u = −1, t > 1 reduced Montesinos 0 t + u + 1 d3
p = 0h, r > 1, s + u = −1, t < 1 reduced Montesinos 0 |t|+ u + 1 2d3
p = 0v, r > 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced alternating 0 t + u + r + s + q d4
p = 0v, r > 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ r + s + q + 1 2d4
p = 0v, r > 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ r + s + |q| 8d4
p = 0v, r > 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t− 1|+ u− 1 + r + s + |q|+ 1 4d4
p = 0v, r > 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + r + s + |q| 2d4
p = 0v, r > 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t− 1 + |u− 1|+ r + s + |q|+ 1 4d4
p = 0v, r > 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ r + s + q 4d4
p = 0v, r > 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + r + s + q + 1 2d4
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p = 0v, r < 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 0 t + u + |r|+ s + q 2d4
p = 0v, r < 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ s + q + 1 4d4
p = 0v, r < 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ s + |q| 16d4
p = 0v, r < 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ s + |q|+ 1 8d4
p = 0v, r < 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + |r|+ s + |q| 4d4
p = 0v, r < 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ s + |q|+ 1 8d4
p = 0v, r < 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ s + q 8d4
p = 0v, r < 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ s + q + 1 4d4
p = 0v, r > 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t + u + r − 1 + |s− 1|+ q + 1 2d4
p = 0v, r > 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 2 t−1+ |u−1|+r−1+ |s−1|+q+2 4d4
p = 0v, r > 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 1 |t|+ |u|+ r − 1 + |s− 1|+ |q|+ 1 16d4
p = 0v, r > 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 2 |t−1|+u−1+r−1+ |s−1|+ |q|+2 8d4
p = 0v, r > 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 1 t + u + r − 1 + |s− 1|+ |q|+ 1 4d4
p = 0v, r > 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 2 t−1+ |u−1|+r−1+ |s−1|+ |q|+2 8d4
p = 0v, r > 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 1 |t|+ |u|+ r − 1 + |s− 1|+ q + 1 8d4
p = 0v, r > 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 2 |t−1|+u−1+r−1+ |s−1|+q+2 4d4
p = 0v, r < 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 0 t + u + |r|+ |s|+ q 4d4
p = 0v, r < 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ |s|+ q + 1 8d4
p = 0v, r < 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ |s|+ |q| 32d4
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p = 0v, r < 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ |s|+ |q|+ 1 16d4
p = 0v, r < 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + |r|+ |s|+ |q| 8d4
p = 0v, r < 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ |s|+ |q|+ 1 16d4
p = 0v, r < 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ |s|+ q 16d4
p = 0v, r < 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ |s|+ q + 1 8d4
p > 1, r > 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced alternating 0 t + u + r + s + q + p d5
p > 1, r > 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ r + s + q + p + 1 2d5
p > 1, r > 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 1 |t|+ |u|+ r + s+ |q− 1|+ p− 1 + 1 8d5
p > 1, r > 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 2 |t− 1|+u− 1 + r+ s+ |q− 1|+ p−
1 + 1 + 1
4d5
p > 1, r > 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 1 t + u + r + s + |q − 1|+ p− 1 + 1 2d5
p > 1, r > 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 2 t− 1 + |u− 1|+ r+ s+ |q− 1|+ p−
1 + 1 + 1
4d5
p > 1, r > 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ r + s + q + p 4d5
p > 1, r > 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + r + s + q + p + 1 2d5
p > 1, r < 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 0 t + u + |r|+ s + q + p 2d5
p > 1, r < 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ s + q + p + 1 4d5
p > 1, r < 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 1 |t|+ |u|+ |r|+ s+ |q− 1|+ p− 1 + 1 16d5
p > 1, r < 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 2 |t − 1| + u − 1 + |r| + s + |q − 1| +
p− 1 + 1 + 1
8d5
p > 1, r < 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 1 t + u + |r|+ s + |q − 1|+ p− 1 + 1 4d5
p > 1, r < 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 2 t − 1 + |u − 1| + |r| + s + |q − 1| +
p− 1 + 1 + 1
8d5
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p > 1, r < 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ s + q + p 8d5
p > 1, r < 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ s + q + p + 1 4d5
p > 1, r > 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t + u + r − 1 + |s− 1|+ q + p + 1 2d5
p > 1, r > 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 3 t−1+|u−1|+r−1+|s−1|+q+p+2 4d5
p > 1, r > 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 2 |t|+ |u|+ r− 1 + |s− 1|+ |q − 1|+
p− 1 + 1 + 1
16d5
p > 1, r > 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 3 |t− 1|+u− 1 + r− 1 + |s− 1|+ |q−
1|+ p− 1 + 1 + 2
8d5
p > 1, r > 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 2 t+u+ r− 1 + |s− 1|+ |q− 1|+ p−
1 + 1 + 1
4d5
p > 1, r > 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 3 t− 1 + |u− 1|+ r− 1 + |s− 1|+ |q−
1|+ p− 1 + 1 + 2
8d5
p > 1, r > 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 1 |t|+ |u|+ r− 1 + |s− 1|+ q + p+ 1 8d5
p > 1, r > 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 2 |t−1|+u−1+r−1+|s−1|+q+p+2 4d5
p > 1, r < 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 0 t + u + |r|+ |s|+ q + p 4d5
p > 1, r < 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ |s|+ q + p+ 1 8d5
p > 1, r < 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 1 |t|+ |u|+ |r|+ |s|+ |q−1|+p−1+1 32d5
p > 1, r < 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 2 |t− 1|+ u− 1 + |r|+ |s|+ |q − 1|+
p− 1 + 1 + 1
16d5
p > 1, r < 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 1 t+ u+ |r|+ |s|+ |q− 1|+ p− 1 + 1 8d5
p > 1, r < 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 2 t− 1 + |u− 1|+ |r|+ |s|+ |q − 1|+
p− 1 + 1 + 1
16d5
p > 1, r < 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ |s|+ q + p 16d5
p > 1, r < 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + |r|+ |s|+ q + p+ 1 8d5
p < 1, r > 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t + u + r + s + q − 1 + |p− 1|+ 1 2d5
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p < 1, r > 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 2 t− 1 + |u− 1|+ r+ s+ q− 1 + |p−
1|+ 1 + 1
4d5
p < 1, r > 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ r + s + |q|+ |p| 16d5
p < 1, r > 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t− 1|+ u− 1 + r + s+ |q|+ |p|+ 1 8d5
p < 1, r > 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + r + s + |q|+ |p| 4d5
p < 1, r > 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t− 1 + |u− 1|+ r + s+ |q|+ |p|+ 1 8d5
p < 1, r > 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 0 |t|+ |u|+ r + s + q 8d5
p < 1, r > 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 1 |t− 1|+ u− 1 + r + s + q + 1 4d5
p < 1, r < 1, s ≥ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t + u + |r|+ s + q − 1 + |p− 1|+ 1 4d5
p < 1, r < 1, s ≥ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 2 t− 1 + |u− 1|+ |r|+ s+ q− 1 + |p−
1|+ 1 + 1
8d5
p < 1, r < 1, s ≥ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ s + |q|+ |p| 32d5
p < 1, r < 1, s ≥ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t− 1|+u− 1 + |r|+ s+ |q|+ |p|+ 1 16d5
p < 1, r < 1, s ≥ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + |r|+ s + |q|+ |p| 8d5
p < 1, r < 1, s ≥ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t− 1 + |u− 1|+ |r|+ s+ |q|+ |p|+ 1 16d5
p < 1, r < 1, s ≥ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 1 |t|+ |u|+ |r|+ s+ q− 1 + |p− 1|+ 1 16d5
p < 1, r < 1, s ≥ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 2 |t− 1|+u− 1 + |r|+ s+ q− 1 + |p−
1|+ 1 + 1
8d5
p < 1, r > 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t + u + r − 1 + |s− 1|+ q + 1 4d5
p < 1, r > 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 3 t− 1 + |u− 1|+ r− 1 + |s− 1|+ q−
1 + |p− 1|+ 1 + 1 + 1
8d5
p < 1, r > 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 1 |t|+ |u|+r−1+ |s−1|+ |q|+ |p|+1 32d5
p < 1, r > 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 2 |t−1|+u−1+r−1+|s−1|+|q|+|p|+2 16d5
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p < 1, r > 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 1 t+ u+ r− 1 + |s− 1|+ |q|+ |p|+ 1 8d5
p < 1, r > 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 2 t−1+|u−1|+r−1+|s−1|+|q|+|p|+2 16d5
p < 1, r > 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 2 |t| + |u| + r − 1 + |s − 1| + q − 1 +
|p− 1|+ 1 + 1
16d5
p < 1, r > 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 3 |t− 1|+u− 1 + r− 1 + |s− 1|+ q−
1 + |p− 1|+ 1 + 2
8d5
p < 1, r < 1, s ≤ 0, t > 1, u ≥
0, q ≥ 0
reduced Montesinos 1 t+ u+ |r|+ |s|+ q− 1 + |p− 1|+ 1 8d5
p < 1, r < 1, s ≤ 0, t > 1, u ≤
0, q ≥ 0
reduced Montesinos 2 t − 1 + |u − 1| + |r| + |s| + q − 1 +
|p− 1|+ 1 + 1
16d5
p < 1, r < 1, s ≤ 0, t < 1, u ≤
0, q ≤ 0
reduced Montesinos 0 |t|+ |u|+ |r|+ |s|+ |q|+ |p| 64d5
p < 1, r < 1, s ≤ 0, t < 1, u ≥
0, q ≤ 0
reduced Montesinos 1 |t−1|+u−1+ |r|+ |s|+ |q|+ |p|+1 32d5
p < 1, r < 1, s ≤ 0, t > 1, u ≥
0, q ≤ 0
reduced Montesinos 0 t + u + |r|+ |s|+ |q|+ |p| 16d5
p < 1, r < 1, s ≤ 0, t > 1, u ≤
0, q ≤ 0
reduced Montesinos 1 t−1+ |u−1|+ |r|+ |s|+ |q|+ |p|+1 32d5
p < 1, r < 1, s ≤ 0, t < 1, u ≤
0, q ≥ 0
reduced Montesinos 1 |t|+ |u|+ |r|+ |s|+q−1+ |p−1|+1 32d5
p < 1, r < 1, s ≤ 0, t < 1, u ≥
0, q ≥ 0
reduced Montesinos 2 |t − 1| + u − 1 + |r| + |s| + q − 1 +
|p− 1|+ 1 + 1
16d5
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1.5 Applications of the model
The aim of this section is to create an algorithm to determine the exact topology of all possible
products of site-specific recombination on twist knot substrates, without the need for the jargon
of the previous sections. The model developed in the previous section is for generic site-specific
recombination and it provides a bound on the possible topologies of products of recombination.
However, this bound is not sharp. The algorithms developed here help further restrict this
bound for specific recombination systems, under further assumptions (for example a particular
recombinase). Various examples of how to implement these algorithms, in different settings, are
presented. We have developed two algorithms, one for tyrosine recombinases (algorithm (A))
and one for serine recombinases (algorithm (B)).
Algorithm (A). Determining the products of site-specific recombination mediated by a tyrosine
recombinase (use of figure 1.18(A)):
1. Choose a tyrosine recombinase and substrate molecule5 C(2, v′) for a fixed v′ (e.g. if the
substrate is 31 then it can be written as C(2, 1) (so v
′ = 1) or C(2,−2) (so v′ = −2)).
2. In figure 1.18(A) replace v by v′ on each form of the products. In the images on the top
row of figure 1.18(A) recall that the number of crossings q and s add up to the number of
crossings v′, so there is a recombination product for each set of values s+ q = v. Also, u
can be an arbitrary integer.
3. In figure 1.18(A) choose the products only in columns corresponding to the post-recombinant
form of B ∩ J yield by the recombinase in question.
Algorithm (B). Determining the products of site-specific recombination mediated by a serine
recombinase (use of figure 1.18(B)):
1. Choose a serine recombinase and substrate molecule C(2, v′) for a fixed v′ (see point 1
above).
2. In figure 1.18(B) replace v by v′ on each form of the products. In figure 1.18(Bi) recall
that the number of crossings q and s add up to the number of crossings v′. So there is a
5Recall that there is a continuous deformation taking C(−2, v) to C(+2, v+ 1) so the substrate can always be
written in the form C(2, v).
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recombination product for each set of values s+q = v. Also, u can be an arbitrary integer.
3. For the productive synapse B the letter n represents the number of crossings introduced
after various rounds of processive recombination. Replace n by the crossings introduced
according to special properties of the particular system in question (e.g. if subunit exchange
with the recombinase and substrate in question is right- or left-handed; if recombination
goes through one or more rounds of subunit exchange before resealing the DNA, in which
case more than one crossing is introduced.)
Application 1: Predicting the sequence of products of processive recombination (use algorithm
(B)).
Example (Substrate with mismatched sites after two rounds of subunit exchange). Assume
that the substrate molecule is a negatively supercoiled twist knot C(2,−2) = 41, that ex-
perimental conditions minimise distributive recombination and that processive recombination
proceeds through two right-handed exchanges of the crossover sites per round (right-handed be-
cause the molecule is negatively supercoiled and two rounds due to the presence of a mismatch
of the sites after one round of strand exchange).
Suppose that products of multiple rounds of processive recombination are detected using
experimental techniques and are shown to be C(2,−2)]T (2, 3) and C(2,−2)]T (2, 5). Choose
figure 1.18(Biii) since this is the only one that shows products that are connected sums of torus
knots and twist knots.
Replace v by −2 and n by −1 + 2,−1 + 4,−1 + 6,−1 + 8... (1 since the pre-recombinant
B∩J has one negative crossing and it is assumed to be the opposite handedness as the incoming
crossings since the molecule is negatively supercoiled and subunit rotation is assumed to relieve
supercoiling) to determine that the order of the products is:
(substrate)C(2,−2)→ C(2,−2)→ C(2,−2)]T (2, 3) −→ C(2,−2)]T (2, 5) (i.e. 41 → 41 → 41](+)31 → 41](+)51)
and further rounds of processive recombination would create the products
−→ C(2,−2)]T (2, 7) −→ C(2,−2)]T (2, 9) (i.e. → 41](+)71 → 41](+)91)
Moreover, any products of further rounds of recombination are connected sums of the form
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C(2,−2)]T (2,m) for m an odd positive integer, with increasing minimal crossing number.
Application 2: Products of processive vs distributive recombination (use algorithm (B)).
In some cases, distributive rounds of recombination are not prevented from happening and
both processive rounds and distributive rounds can occur in a recombination reaction. The
products of these two processes can be distinguished using the model.
Suppose that a trefoil knot (+)31 = C(2, 1) is used as a substrate for a reaction with a
serine recombinase and that electron microscopy and gel electrophoresis reveal the figure of
eight knot C(2, 2) and the five noded knot C(2, 3) as the primary products and T (2, 2)]C(2, 1),
T (2, 2)]C(2, 2), T (2, 2)]C(2, 3) and a three-component catenane as secondary products.
From figure 1.18 (Bviii) the first round of recombination must proceed from the trefoil knot
to C(2, 2) (product of the first round of processive recombination) and then to C(2, 3) (product
of the second round of processive recombination). Then the original C(2, 1) and the products
C(2, 2) and C(2, 3) become substrates of a second round of distributive recombination, yield-
ing the composite catenanes T (2, 2)]C(2, 1), T (2, 2)]C(2, 2) and T (2, 2)]C(2, 3) (products of
the second round of distributive recombination). Finally, these composite catenanes become
substrates of a further round of distributive recombination that yields a three-component link.
(Since composite knots and links are not one of the substrates that we consider, it goes beyond
the scope of this work to determine the exact topology of this three component link). Over-
all this system would be akin to the serine recombinase performing two rounds of processive
recombination and three rounds of distributive recombination.
Application 3: Products of distributive recombination mediated by a tyrosine recombinase
and characterisation of previously uncharacterised experimental data (use algorithm (A)).
In [34] Crisona et al performed experiments using Flp recombinase and substrate plasmids
(unknots) containing two inverted FRT sites. Although Flp can (and did) catalyse multiple
rounds of distributive recombination, the authors were only interested in the products of the
first round of recombination and they found that trefoil knots C(2, 1) = 31 was among these
products. They did not identify product of further rounds of distributive reactions.
It is an interesting question to find out the products of further rounds of distributive recom-
bination on the trefoil product of the first round of distributive recombination and we do this
here.
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To use the model assume the substrate is the trefoil knot C(2, 1), so replace v for v = 1
in figure 1.18(A). Recall that for the images on the top row of figure 1.18(A) q + s = v and
theoretically they are infinite families since the variable u can take any integer value. No
assumption is made on the number of crossings introduced in the post-recombinant form of
B ∩ J after a reaction mediated by Flp, so consider every case in the matrix. The products are
01, 31, 41, 52, 0
2
1, 2
2
1, 4
2
1, 2
2
1]31 and any products belonging to the infinite families of knots and links
on the top row of figure 1.18(A). Note that an inversion reaction can not change the number
of components, so we must disregard any predicted products with two components, leaving
01, 31, 41, 52 and any knot (one component link) products belonging to the infinite families of
knots and links on the top row of figure 1.18(A). To obtain biologically reasonable products that
take the forms of the infinite families of knots and links on the top row of figure 1.18(A), an
assumption would have to be made on the superhelical density of the substrate molecule.
Application 4: Products of recombination reactions that increase the minimal crossing number
by 1 (use theorem 1.3.4).
Very commonly, site-specific recombination adds one crossing to the substrate, resulting in
an increase by one of the minimal crossing number of the substrate.
For example Bath et al used the catenanes T (2, 6) and T (2, 8) as substrates for Xer recom-
bination yielding product knots with minimal crossing number equal to 7 and 9 [9]. They did
not characterise these products beyond their minimal crossing number. Buck and Flapan [20]
significantly reduced the possibilities for each of these products, Darcy [36] used the tangle model
to reduce the number of mathematical solutions to the tangle equations involving the 4-noded
catenane 421 (product of one round of recombination on an unknot substrate) and a 7-noded
knot (products of one round of recombination on the torus catenane 621) and Vazquez et al. [138]
used the results in [9] to design a three-dimensional model for Xer recombination.
As DNA twist knots are common recombination substrates, considering a similar scenario to
the Xer example above is relevant. Suppose the twist knot C(2, 5) (minimal crossing number 6)
is used as substrate for a site-specific recombination reaction with an Xer recombinase, where
experimental conditions minimise distributive recombination and products are knots and caten-
anes with minimal crossing number 7. (Note that Xer has been shown to recombine on both
directly and inversely repeated sites, so knots as well as catenanes are expected as products. In
this case the minimal crossing number is not sufficient to determine the knot type, since there
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are 7 knots and 8 two-component catenanes with minimal crossing number equal to 7. However,
we can use theorem 1.3.4 to reduce the number of possible products to 73, 76, 7
2
1, 7
2
2, 7
2
3 (from
15 possible products to 5).
1.6 Conclusion and final remarks
In this chapter, possible topological changes (in terms of knot or link type, not changes in
supercoiling) brought about by the action of site-specific recombinases on DNA molecules that
are twist knots have been investigated. This was done by developing a topological model and
using it to to predict and completely characterise the exact topology of products that can
arise (including chirality). The theoretical results presented here significantly reduce the knot
and link type of possible products of site-specific recombination, thus aiding their experimental
identification and facilitating further theoretical, computational and experimental studies.
This model is of generic site-specific recombination. In particular, no assumptions are made
on the size of the substrate molecules, the arrangement of the specific sites, mechanisms of
topological filters and amount of supercoiling. As a result, this model provides a bound on
the possible topologies of products that is not sharp. More in detail, (1) most knots and links
that arise from topological enzymology experiments on bacterial plasmids have minimal crossing
number up to 13 (see for example table 1 in [20]), (2) all knots up to minimal crossing number 7
belong to family F (p, q, r, s, t, u) and (3) for each minimal crossing number greater that 3 there
are more than one knot or link with that minimal crossing number. However, this bound can
be further restricted by making using the model developed here in conjunction with additional
assumptions. An example of this is given in section 1.3.4.2 where it is further assumed that the
products have minimal minimal crossing number one more than the substrate, and it is shown
that in this case the products are tightly restricted. In section 1.5, two algorithms that aid the
implementation of the model with additional assumptions about specific systems of site-specific
recombination and physical properties of DNA and DNA-protein interactions, were provided,
and examples given.
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1.6.1 Possible future directions
1.6.1.1 Possibility of testing the model experimentally and/or computationally
Possible experiments to test the model of site-specific recombination developed in this chapter
currently prove to be difficult. As noted before, twist knots are biologically relevant as they arise
often. However, their yield tents to be quite small (personal communication with Prof. Lynn
Zechiedrich), so that not enough knotted molecules are created in order to (1) be able to carry
out a reaction and/or (2) then be able to check the products of the reaction by, for example, gel
electrophoresis. So before being able to test this model experimentally, it would be necessary to
quantify how efficient current methods of generating twist knots are and then finding a way of
optimising these.
Computational methods could provide a more readily available method of testing this model.
Current studies of probabilities of knots [53,148] coupled with studies taking into consideration
the intrinsic chirality of the double helix [80] would be ideal.
1.6.1.2 Theoretical generalisation of model to substrates that are connected sums
of torus knots and twist knots, or pretzel knots and links
A clear possible generalisation of this work would be to other more topologically complex sub-
strates that are still biologically relevant, such as the connected sum of torus knots/links and
twist knots or to pretzel knots and links. The former has been considered by Prof. Erica Flapan,
from Pomona College, California, and her student Helen Wong (personal communication).
1.6.1.3 Theoretical generalisation of the tangle model to substrates that are twist
knots and products in family F (p, q, r, s, t, u)
Another possible direction in which this work could be extended is by generalising the tangle
model [43] to substrates that are twist knots and products in family F (p, q, r, s, t, u), to further
investigate the mechanisms of site-specific recombinases. The philosophy of the tangle model
is, given assumptions about the topology of the substrate and product molecules, to reveal
the exact topology of the pre- and post- recombination DNA-protein complex, and then to
compare the topology of these, thus elucidating possible mechanisms of DNA exchange of the
protein. The classical tangle model was initially developed for DNA knot and link substrates and
products that are 4 -plats, which are a subfamily of F (p, q, r, s, t, u). In [21] Buck and Mauricio
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have generalised the tangle model to the case when the substrate is a rational knot or link and
the product is a connected sum of rational knots or links, also a subfamily of F (p, q, r, s, t, u).
Mathematically, this study would involve investigating Dehn surgeries along knots in lens space
(defined by the substrate molecule), that yield a small Seifert fiber space (defined by the product
molecule). Currently this is a very active area of research in low dimensional topology.
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Chapter 2
Genus of rigid vertex graphs - a
model of the spatial arrangement of
DNA during genome-wide
rearrangements in ciliates
2.1 Introduction
Key words. Gene fragmentation, nucleotide rearrangement, ciliates, nuclear duality, homologous
recombination, nuclear differentiation, graph, rigid vertex, genus.
Fragmented genetic information - where genes are broken up into pieces and the different
parts are located dispersed in the DNA sequence - is naturally found in many organisms [104].
Nature has come up with various mechanisms of merging functional segments of fragmented
genes, for example cis- and trans-splicing of RNA molecules [13], self-splicing RNA [83], RNA
editing [7] and splicing of proteins [149]. However, in certain cases, in order to make a gene
functional, it is necessary to carry out the excision of intervening non-coding DNA that render
genes transcriptionally useless, and joining of flanking gene fragments. This process of deleting
and gluing genetic sequences is formally called DNA rearrangements. Examples of where this
happens are nuclear differentiation in ciliates, recombination in the vertebrate immune system
and site-specific recombination. Connecting functional genomic segments that are discontinuous
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and located dispersed in the DNA sequence (either at the level of DNA or other molecules (RNA
transcripts, proteins)) underlies many important phenomena in biology and has epigenetic and
evolutionary consequences. In addition, recent studies have shown that massive chromosome
rearrangements can cause several types of cancer [90,117,129].
This chapter is dedicated to a mathematical investigation of DNA rearrangements that
happen during nuclear differentiation in ciliates, focused on an intermediate stage where many
homologous recombination sites within a single fragmented gene are juxtaposed simultaneously,
before they are combined. Questions about how the DNA sits in space in this intermediate stage
are answered, using ideas from graph theory and topology. Although this study is centred on
ciliates, it may be applicable to other instances of nucleotide rearrangements, including RNA
molecules. This work has been submitted to the journal Combinatorica [18] and an expository
article to make the results accessible to an audience of non-experts has been accepted in the peer
reviewed proceedings of the AMS Special Session on Discrete Models in Molecular Biology [38].
2.1.1 Organisation of this chapter
Biological and mathematical preliminaries are presented in sections 2.1.2 and 2.1.3, respectively.
The graph theoretic model of nuclear differentiation in ciliates, called simple assembly graphs,
developed in [4] and adopted here is described in section 2.2.1. This section also includes
previous results on assembly graphs. Preliminary lemmas and constructions are presented in
sections 2.2.2.1, 2.2.2.2, 2.2.2.3 and 2.2.2.4 and the main result of this chapter is presented in
section 2.2.2.5.
2.1.2 Nucleotide rearrangements in ciliates
Ciliated protozoans form a large group of highly genetically diverse organisms. They are uni-
cellular, inhabit most environments and have been around for hundreds of millions of years.
Specific details of the systems described below differ depending on the species. Here we concen-
trate on Stichotrichs, a group of ciliate protozoa among the Stichotrichs. For more details we
refer the reader to [16,104,109] and references therein.
2.1.2.1 Nuclear duality in ciliates
Ciliates possess two functionally distinct nuclei - genomic micronuclei (MIC) and somatic mac-
ronuclei (MAC) - a feature unique to these organisms (figure 2.1). At any one point during its
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life cycle, ciliates usually have more than one copy of each type of nucleus.
Figure 2.1: (Left) Nuclear duality in ciliates. (Right, top) Schematic representation of the
germline gene coding the Actin 1 protein [108]. MDSs are numbered with integers according
to their relative order in the MAC and can be found in non-consecutive and inverted orders
(like MDS2). Pointer sequences have numbering derived form the MDSs (see text). (Right,
center) Possible mechanisms of DNA rearrangements. The black line represents (duplex DNA)
a germline gene and grey crosses correspond to the juxtaposition of pointer sequences before
sequence exchange. Note that this gene can take advantage of spatial folding to differentiate
into the corresponding somatic gene. (Right, bottom) Corresponding MAC gene, which is now
transcriptionally active.
The MAC is visually larger than the MIC, it is polyploid and has a somatic function, i.e.
it is transcriptionally active and is responsible for all regulation of gene expression. It consists
of around 20, 000 distinct gene-sized chromosomes, typically 0.4 to 2.0 kbp in length, that are
flanked by about 20bp long telomeres, contain very little non-coding DNA and have a high
ploidy number.
The MIC is diploid, transcriptionally silent and has a germline function, i.e. it is responsible
for passing on genetic information to progeny. MIC genes are between 1.8 and 2.5 kbp in length
and are made up of various subsequences, three types of which are of interest for this study
(figure 2.1): 1. Macronuclear Destined Segments (MDSs), subsequences of MAC genes that have
been fragmented. The different pieces are found dispersed in the germline genome, sometimes
in non-consecutive and/or inverted orders relative to their order and sequence directionality
in the MAC and in different genetically unlinked loci. Figure 2.1 shows an example of a well
studied scrambled gene; 2. around 150, 000 (in a haploid genome copy) non-coding sequences
called Internal Eliminated Sequences (IESs). These are tens to hundreds of base pairs in length
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and appear between MDSs, so are thought of as fractioning MAC genes into the MDSs and
intervening between the coding DNA; and 3. 2− 20 bp long pairs of identical non-coding short
sequences that are present in direct repeats at junctions between IES with MDSs, called pointer
sequences. The pointer sequence at the junction between MDS n and its downstream IES is the
same as that between MDS n + 1 and its upstream IES. These are illustrated in figure 2.1 by
integers derived from the numbering of the MDSs.
2.1.2.2 Nuclear differentiation
In ciliates, most of the germline genome is not needed for vegetative growth. After conjugation
and exchange of haploid germline nuclei, the parental MAC is discarded and is gradually replaced
by a copy of the new zygotic MIC. In this process of substitution of the old somatic nucleus for a
more genetically diverse one, the organism goes through a process of deleting MIC-limited non-
coding DNA sequences (transposons, transposable like elements, IESs and repeated sequences)
that interrupt open reading frames, and sorting and rearranging the remaining DNA fragments.
In Stichotrichs between 95%− 98% of the DNA is removed, reducing its genome size from 1Gb
to a mere 50Mb. The remaining 5% of the germline DNA, which is divided into hundreds of
thousands of DNA pieces, is reordered to form transcriptionally active gene-sized chromosomes,
creating the somatic nucleus (figure 2.1). This process is called nuclear differentiation and it is
mediated through more than 100, 000 events of site-specific homologous recombination at the
pairs of pointer sequences, which simultaneously excise non-coding DNA and unscramble and
splice of MDSs in the correct order.
2.1.2.3 Mechanisms that guide juxtaposition of pointer sequences and DNA re-
arrangement
Recall that the pointer sequence at the junction between MDS n and its downstream IES is the
same as that between MDS n + 1 and its upstream IES. Therefore homologous recombination
at the pointer sequences leads to correct recombination between MDSs n and n + 1, even for
MDSs that are found scattered in the germline genome. However, currently it is not known if
recombination is strictly intramolecular or intermolecular rearrangements also occur.
Although pointer sequences are necessary for recombination between the correct MDS se-
quences, due to their short lengths, they are probably not sufficient to guide the proper alignment
of the DNA by sequence recognition, and only satisfy structural requirements during MDS spli-
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cing. The exact mechanisms are not currently completely understood, but it is suspected that
some nucleotide deletions and rearrangements are guided by non-coding RNA transcripts of
maternal MAC genes, from the disintegrating MAC, that participate as templates [96,102,151].
That is, they seem to provide a scaffold where to organise the layout of MAC gene segments in
order (figure 2.2). It is thought that after nicking the MAC destined DNA, sequence exchange
is mediated through strand displacement and branch migration with no changes made to the
template molecule. A model of how this is achieved was proposed in [4]. RNA transcripts also
thought to regulate chromosome copy number in the new MAC [64].
Figure 2.2: Template model for parental RNA guiding of genome rearrangements during nuclear
differentiation.
Some sequence deletions are thought to be predefined by small RNA molecules in two main
ways: the molecules guide the methylation of histones and directly target elimination of homo-
logous sequences. Current studies are also beginning to show examples of transposons (which
make up 8% of the MIC genome) that have been ‘domesticated’ by ciliates and that play a role
in the formation of the somatic genome by using its transposases to remove themselves, as well
as other germline non-coding DNA sequences [17,29,66–68,103,109].
The exact details of these processes of gene assembly are still unknown and concrete facts
about whether there are important roles to be played by other proteins, or other mechanisms
that may drive the process of nuclear differentiation, are missing from the literature.
2.1.3 Mathematics preliminaries
This section is an introduction and summary of mathematical ideas that will be used in the
remainder of this chapter, specially a family of graphs that model germline genes during nuclei
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differentiation in ciliates, developed in [4]. A more in-depth study of embeddings of (standard)
graphs in surfaces can be found in, for example [97] and references therein. The study of rigid-
vertex graphs is related to the study of virtual knot theory ( [74] and references therein).
2.1.3.1 Graphs
Definition 2.1.1. A graph G is a pair G = (V,E) consisting of a set V of elements called
vertices and a set E of two-element subsets of V called edges. For the purposes of this thesis, V
is finite.
For an edge e = {v, w} ∈ E, v, w are called the endpoints of e. If v = w the edge is called a
loop. If a vertex v is an endpoint of an edge e then e is said to be incident to v.
Two vertices that are the endpoints of the same edge are called adjacent vertices. Two edges
that share a common vertex are called adjacent edges.
Let E(v) denote the set of all edges incident to vertex v. |E(v)| is called the degree of vertex
v (each loop is counted twice). If all vertices in a graph have the same degree, say k, then the
graph is called regular k-valent.
Definition 2.1.2. A graph homomorphism f : G→ H from a graph G to a graph H is a mapping
from the vertex set of G to the vertex set of H such that {v, w} ∈ EG implies {f(v), f(w)} ∈ EH .
Definition 2.1.3. An isomorphism between graphs is a bijective homomorhpism. That is, a
one-to-one mapping of VG in to VH such that adjacent (resp. non-adjacent) pairs of vertices in
G are mapped to adjacent (resp. non-adjacent) pairs of vertices in H.
Two graphs are isomorphic if there is an isomorphism between them and their graph type is
denoted [G] (or equivalently [H]).
For simplicity, hereafter the word graph and notation G describes a specific graph, a diagram
of the graph, or the graph type [G] of G.
Definition 2.1.4. A path of a graph is a sequence of edges and vertices, where the edges connect
adjacent vertices.
Figures 2.3 and 2.4 show examples of graphs, with 3 vertices and 14 vertices, respectively.
2.1.3.2 Assembly graphs and double occurrence words
Definition 2.1.5. A vertex v of a graph G is said to be rigid if it has a cyclic order of the
incident edges assigned to it.
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Draw a rigid vertex in such a way that taking a regular disc neighbourhood of the vertex
and travelling around the circle boundary, the edges appear in the specified cyclic order. If v is
a rigid vertex of G, e and e′ are said to be neighbours (with respect to v) if one of these edges is
the immediate successor of the other when travelling around the vertex in some direction. For
example, in figure 2.3 e1, e4 are neighbours with respect to vertex 1.
Figure 2.3: Example of an assembly graph with corresponding double-occurrence (or equivalently
Eulerian transversal path) word 123123.
Definition 2.1.6. An assembly graph An is a finite regular 4-valent, connected graph, with all
vertices rigid, where n denotes the number of vertices.
Definition 2.1.7. Two assembly graphs are isomorphic if they are isomorphic as graphs and
the graph isomorphism preserves the cyclic order of the edges incident to a vertex. A denotes a
specific graph, a graph type or a graph diagram.
Note the difference between assembly graphs which have rigid vertices and standard (non
rigid vertex) graphs.
Definition 2.1.8. A path in an assembly graph for which consecutive edges of the path are never
neighbours with respect to their common incident vertex is called a transversal.
Definition 2.1.9. An Eulerian path is a path in a graph which visits every edge exactly once.
Definition 2.1.10. An assembly graph that has an Eulerian transversal is called a simple as-
sembly graph.
Assembly graphs abstractly represent MIC genes prior to recombination, where edges corres-
pond to DNA segments that flank pointer sequences (either MDSs or IESs) and vertices, to the
alignment a pair of pointer sequences, which are flanked by other DNA sequences and therefore
form a 4-valent vertex. It was proved in [3] that is an assembly has an Eulerian transversal
then it is unique up to equivalence. Furthermore it was shown that simple assembly graphs are
uniquely determined up to isomorphism by the equivalence class of their Eulerian transversal.
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Transversal paths abstractly represent a single connected MIC DNA segment prior to recom-
bination. Therefore only assembly graphs that represent single MIC genes are of interest here,
that is, simple assembly graphs (figure 2.3). Non simple assembly graphs are also biologically
relevant and mathematically interesting. There could be MAC genes with segments positioned
in different MIC loci, which would be modelled by non-connected assembly graph which are not
simple.
Definition 2.1.11. A double-occurrence word w over an alphabet set {a1, ..., am} is a word
which contains each symbol of the alphabet set exactly 0 or 2 times.
The reverse of a word w = a1 · · · ak is wR = ak · · · a1.
Definition 2.1.12. Two double-occurrence words are called equivalent if one is obtained from
the other by a sequence of the following three operations: (1) (bijective) renaming the symbols,
(2) a cyclic permutation, (3) taking the reverse. For example, w = 123231 is equivalent to its
reverse wR = 132321 and w′ = 213132 is w after renaming 1 with 2 and 2 with 1.
Double-occurrence words are related to assembly graphs as follows. Let A be a simple as-
sembly graph. Orient the graph and pick a base point on the graph. Let α = v0, e0, . . . , vn, en, v0
be the Eulerian transversal starting at the base point and let w = v0 · · · vn be the sequences of
consecutive vertices in α. Each vertex appears twice in w, therefore w is a double-occurrence
word over the alphabet V , corresponding to the assembly graph A. Conversely, for a given
double-occurrence word containing n letters, an assembly graph is constructed as follows (figure
2.3): place a crossing on the plane for each integer in the double-occurrence word, and label them
accordingly. Pick a point in the plane and, following a chosen direction, connect the crossings in
the order of appearance in the double-occurrence word through a Eulerian transversal. When all
the crossings are exhausted, connect the path back to the base point. There may be instances
when the edges self-cross, or cross other edges, but there crossings are not new vertices, and to
avoid confusion, an under crossing is drawn instead. Equivalence classes of double-occurrence
words are in one-to-one correspondence with isomorphism classes of assembly graphs [3].
2.1.3.3 Genus of graphs
Definition 2.1.13. A closed (compact with empty boundary) and orientable surface is a 2-
dimensional topological manifold that can be obtained from the 2-sphere S2 by attaching g distinct
copies of 2-dimensional 1-handles [0, 1] × [0, 1] along ∂([0, 1]) × [0, 1] = {0, 1} × [0, 1] in such a
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way that the resulting 2-manifold is orientable. The integer g is called the genus of the surface.
Definition 2.1.14. A graph G is said to be embedded in a surface F if the vertices of G are
distinct points in F and each edge of G is a simple arc in F connecting in F the vertices that are
its endpoints in V such that its interior is disjoint from other vertices and edges. An embedding
of a graph G in F is an isomorphism between G and a graph G′ that is embedded in F . If there
is an embedding of G in F then it is said that G can be embedded in F .
Here only embeddings of graphs in orientable surfaces are considered. See figure 2.4 for an
example.
Figure 2.4: Example of a cellular embedding of a graph in the 2-sphere. The graph is made up
of vertices (black discs) and edges (lines connecting the vertices). This embedding is cellular
because the complement of the graph in this surface is a (finite) collection of open 2-discs.
Definition 2.1.15. An embedding of a graph in a surface is called cellular if the complement
of the graph in the surface is a finite collection of disjoint open discs (figure 2.4).
Definition 2.1.16. For a graph G, the minimum orientable genus of G, denoted γmin(G), is the
smallest non-negative integer g such that G admits an embedding in a closed orientable surface
F of genus g.
By proposition 3.4.1 in [97], every minimal genus embedding of G is cellular.
Definition 2.1.17. The maximum orientable genus of G, denoted γmax(G), is the largest non-
negative integer g such that G admits a cellular embedding in a closed orientable surface F of
genus g.
Definition 2.1.18. The genus range of a graph represents the genus of the surfaces in which
that graph can be embedded cellularly.
In [40] it is shown that the genus range of a standard (non rigid-vertex) graph consists of
consecutive integers. Here the genus range is denoted by {m,n} for m ≤ n.
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2.2 A graph theoretic model of DNA during genome-wide nuc-
leotide rearrangement in ciliates
Developmentally regulated DNA deletions and rearrangements occur at exaggerated rates in
ciliates. For this reason these organisms have repeatedly been used as models in which to
study nucleotide reordering on a large scale. Here specifically the spatial arrangement of single
germline genes at possible when multiple pairs of pointer sequences would come together at the
same time, before recombination is carried out, is considered. Note that this is an assumption
and currently it is not know whether distinct recombination event happen simultaneously or in
sequence. A graph theoretic model of this system that was first developed in [4] in which the
DNA intermediate is modelled as an assembly graph. The construction of this model is outlined
in section 2.2.1 and questions considering how the DNA in this intermediate stage sits in space,
are answered by studying the genus of assembly graphs in section 2.2.2.
2.2.1 Assembly graphs as models of pre-recombinant MIC genes
2.2.1.1 Construction of model
Figure 2.5: Assembly graph model by [4] of a MIC gene (actin I protein in O. nova) at the
moment of simultaneous juxtaposition of all pairs of pointer sequences.
As explained in section 2.1.2.2 every MIC gene can be represented as a string of IESs,
pointer sequences pki , and MDSs as follows: IES(pk1+1)MDSk1pk1 ...IES(pkm+1)MDSkmpkm , where
MDSs are numbered with integers according to their relative order in the MAC and the pointer
sequences in a MIC chromosome inherit numbering from the MDSs as pkMDSkpk+1. Reading
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the germline chromosome from left to right, and taking note of the numbered pointer sequences
only, yields a sequence of numbers pk1 ...pkm that is a double-occurrence word. A corresponding
simple assembly graph can be constructed as described in section 2.1.3.2. This is illustrated for
a specific MIC gene in figure 2.5.
The graph constructed is a simple assembly graph [3, 4]. It represents the pre-recombinant
DNA complex of one MIC gene, with all pointer sequences juxtaposed at the same time. The
edges of the graph represent double stranded DNA in the MIC, and the 4-valent rigid vertices
correspond to the alignment of the DNA recombination sites. Rigidity of the vertices is necessary
to model the genome sequence and directionality of the underlying DNA.
2.2.1.2 Previous theoretical results regarding assembly graphs and their biological
significance
Figure 2.1 shows an example where spatial-like folds of the DNA can be exploited in order
to assemble fragments of somatic genes. A model of gene assembly, for genes whose MDS(s)
lie in a same MIC loci, as a finite composition of three spatial operations illustrated in figure
2.6 was proposed in [42]. The first operation occurs at a pair of pointer sequences flanking
consecutive MDSs; the second operations happens at a portion of a gene containing an inverted
MDS; and the third at a segment enclosed between one pair of pointers overlaps the sequence
enclosed between another pair of pointers. Each of these operations can be guided by an RNA
template [4].
Figure 2.6: Spatial molecular operations leading to genetic rearrangement in ciliates. Figure
from [4] with personal permission.
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In [3, 4, 24], combinatorial properties of assembly graphs have been investigated.
Definition 2.2.1. A polygonal path of an assembly graph consist of consecutive edges that are
neighbours with respect to their incident vertex in common.
Polygonal paths correspond to fully assembled MAC chromosomes.
Definition 2.2.2. For a given assembly graph, sets of polygonal paths such that their union
visits every vertex of the assembly graph are called Hamiltonian sets of polygonal paths.
Hamiltonian sets of polygonal paths in an assembly graph, in biological terms, correspond
to distinct fractioned somatic genes within one germline gene.
Definition 2.2.3. Removal of a vertex in such a way as to conserve a polygonal path is called
a smoothing.
A smoothing of a vertex models homologous recombination locally at that point.
It was shown in [4] that if a simple assembly graph has a Hamiltonian polygonal path
(one polygonal path that visits every vertex of the graph) then the simultaneous smoothing
of every vertex of the graph would preserve the polygonal path connected, in other words,
that given somatic gene would remain intact. In [3, 24] it was shown that there exist germline
genes that contain more than one fractioned somatic gene and in this case, subsets of vertices
whose simultaneous smoothings conserve Hamiltonian sets of polygonal paths connected were
characterised. In addition, assembly graphs that give the minimal and maximal number of MAC
genes (polygonal paths), and the smallest assembly graphs that encode at least k MAC genes
for some integer k were investigated in these two papers. It was also shown that for any simple
assembly graph and any Hamiltonian set of polygonal paths, there exists an embedding that
yields unlinked smoothings, in the topological sense.
In [24] isomorphism classes of assembly graphs and their number (of sets) of Hamiltonian
polygonal paths, with an emphasis on the smallest Hamiltonian sets of polygonal paths, that
is, graphs that accommodate minimum number of scrambled genes, were investigated from a
computational and combinatorial point of view. In addition, in this paper the authors construc-
ted a polynomial invariant of the number of component obtained after smoothing of all of the
vertices in an assembly graph, which corresponds to the number of molecules yield after the
recombination.
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2.2.2 Genus of assembly graphs
The main interest of this chapter is in modelling germline genes at the moment when pairs of
pointer sequences come together before recombination is carried out. Since it is possible to have
all or most of the necessary nucleotide rearrangements happening simultaneously and/or in no
particular order [4], we assume this in this model.
Here we investigate the genus of assembly graphs. The genus is a topological measure of
the spatial complexity of graphs. Therefore this study provides information about the spatial
organisation of the DNA molecules at the moment of rearrangement. Specifically, the following
two problems are of interest:
Problem 1. (a) Characterise the sets of integers that appear as genus ranges of assembly
graphs with n vertices, for each positive integer n.
(b) Characterise the assembly graphs with a given set of genus range.
The work presented in this chapter forms part of the collaborative work in [18]. Before diving
into it, a summary of the context and results obtained in [18] is given:
The two questions in problem 1 were tackled. Computer calculations were used to find genus
ranges of assembly graphs with up to 7 vertices (table 2.1). This information was then used to
make various observations about patterns of genus ranges that arise and several of these were
proved in the general case, including:
Table 2.1: Genus ranges of assembly graphs with up to 7 vertices. The genus ranges highlighted
correspond to the tangled cord.
• a genus range of an assembly graph is always a set of consecutive integers (Lemma 2.10
in [18]).
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• every set {m,m+ 1, ...,m′} for 0 ≤ m < m′ ≤ n appears as a genus range of some simple
assembly graph with 2n vertices (Theorem 6.1 in [18]).
• every set {m,m+ 1, ...,m′} for 0 ≤ m < m′ ≤ n without the set {0, 1, ..., n}, appears as a
genus range of some simple assembly graph with 2n− 1 vertices.
• no simple assembly graph with 2n− 1 vertices has genus range {0, ..., n} (Lemma 3.9) nor
genus range {n} (Lemma 3.10 in [18]).
• families of graphs that achieve certain sets of genus ranges are constructed, including a
family of graphs with 2n vertices that has genus range {0, 1, ..., n} (proposition 4.5 in [18]).
• the genus range of the special subfamily of assembly graphs, called tangled cords and
denoted Tn, is fully characterised (theorem 5.5 in [18] and theorem 2.2.11 in section 2.2.2.5).
Note. There exist equivalent results about the genus of standard (non rigid vertex) graphs.
However, a priori these do not necessarily extend to rigid vertex graphs because two graphs
that are isomorphic as non rigid vertex graphs may not necessarily be equivalent as rigid vertex
graphs. Figure 2.7 shows an example of a graph that, when considered as a rigid vertex graph,
has genus range {1}, but as a standard graph it can also be embedded on the plane.
Figure 2.7: An example of a graph that, depending on whether it is rigid or non rigid, has
different genus range. The graph on the left, considered as a rigid vertex graph, can be embedded
in the standard genus 1 torus, but not in the plane (genus 0). The graph on the right, considered
as a rigid vertex graph, can be embedded in the plane (genus 0) but not in the standard genus
1 torus. The same graph, considered as non rigid (see edge c in red), can be embedded both in
the plane and the genus 1 torus.
2.2.2.1 Tangled cord
In what follows, problem 1(b) is partly answered for the genus range highlighted in table 2.1
({n−22 , n2 } for n even, and {n−12 , n+12 } for n odd). Specifically, it is shown that a special subfam-
ily of assembly graphs, called tangled cord and denoted Tn, has this genus range. In [18] it was
shown that there are many distinct assembly graphs with this genus range. We choose to invest-
igate tangle cords for various reasons: There are experimental indications that some naturally
2.2. MODEL OF NUCLEI DIFFERENTIATION 83
occurring gene rearrangements contain similar patterns as those appearing in the tangled cord
with multiple repetitions as much as to over 20 recombination sites (personal communication
with Dr. Natasha Jonoska). In addition, odd-sized tangled cords have been shown to maximise
the genus range over all assembly graphs with the same number of vertices (the same is conjec-
tured for even-sized graphs) [18]. This implies that tangled chords represent the most complex
DNA-recombination intermediates that appear during ciliate nuclei differentiation. Further-
more, Angeleska et al. [3,4] studied paths in assembly graphs that correspond to fully assembled
MAC chromosomes. These so-called ‘Hamiltonian polygonal paths’ visit every vertex exactly
once and every pair of edges in the path that are adjacent to a vertex v are v-neighbours. It
turns out that the tangled cord has the largest number of Hamiltonian polygonal paths among
all odd-sized assembly graphs with a fixed number of vertices [3]. Hence tangled cords can
accommodate the largest number of distinct MAC chromosomes.
Definition 2.2.4. The tangled cord, denoted Tn, is an assembly graph corresponding to the
double occurrence word 1213243 · · · (n − 1)(n − 2)n(n − 1)n (figure 2.8). For example T1 = 11,
T2 = 1212, T3 = 121323, and Tn is obtained from Tn−1 by replacing the last (n − 1) by the
subword n(n− 1)n.
For Tn, the adjacent edges to each vertex are listed below, in the (rigid) order that they are
encountered, clockwise around the vertex, up to cyclic permutation:
v1 : e1, e3, e2n, e2
v2 : e1, e5, e2, e4
vi : e2(i−1), e2i, e2(i−2)+1, e2i+1 for i 6= 1, 2, n− 1, n
vn−1 : e2(n−2), e2n−2, e2(n−3)+1, e2n−1
vn : e2n, e2n−2e2n−1, e2n−3
Figure 2.8: Tangled cord Tn.
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The main result of this chapter is stated and proved in section 2.2.2.5. First, preliminary
results and constructions are presented in sections 2.2.2.2, 2.2.2.3 and 2.2.2.4.
2.2.2.2 Squared perturbation
For Tn = (V,E) recall E(v) = {e1, ..., e4} is the set of edges adjacent to v ∈ V .
Definition 2.2.5. A squared perturbation at a vertex v of Tn yields a new graph T ′n = (V ′, E′)
with V ′ = (V \v)∪{ν1, ν2, ν3, ν4} where {ν1, ν2, ν3, ν4} is a set of 3-valent non rigid vertices and
E′ = (E\E(v))∪ {f1, ..., f4, ε1, ..., ε4}, where {f1, ..., f4, ε1, ..., ε4} are new edges satisfying:
• f1 = {ν1, ν2}, f2 = {ν2, ν3}, f3 = {ν3, ν4}, f4 = {ν4, ν1}.
• ε1 = {v1, ν1}, ε2 = {v2, ν2}, ε3 = {v3, ν3}, ε4 = {v4, ν4}.
• e = e for e ∈ E\E(v)
Call the union of the sets {ν1, ..., ν4}, {ε1, ε2, ε3, ε4} and {f1, ..., f4} a squared perturbation of
vertex v (figure 2.9). Since each vertex of a tangled cord is numbered, refer to the squared
perturbation of vertex vi as squared perturbation i.
Figure 2.9: Squared perturbation at rigid 4-valent vertex v replaces v by ν1, ν2, ν3, ν4 and E(v)
by f1, f2, f3, f4, ε1, ε2, ε3, ε4.
Lemma 2.2.6. If T ′n is Tn with a squared perturbation at vertex v with E(v) = {e1, ..., e4}, then
there is a surjective graph homomorphism φ : T ′n → Tn.
Proof. Define a graph homomorphism φ : T ′n → Tn as follows:
• For each v ∈ V \{v} and e ∈ E\{e1, ..., e4}, φ(v) = v and φ(e) = e.
• For each new vertex νj ∈ V ′\V in T ′n, φ(νj) = v for j = 1, 2, 3, 4.
• For each new edge εj , fj ∈ E′\E, φ(εj) = ej for j = 1, ..., 4 and φ(fj) = vj is the collapse
of the edge to the vertex, for j = 1, ..., 4.
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This maps all the new vertices and edges from the squared perturbation onto the vertex
v.
The graph obtained after performing squared perturbations at every vertex of Tn is a regular
3-valent graph whose vertices are no longer rigid and it is unique up to labelling. It is denoted
by Tsqn and called the squared perturbation of Tn. Note that the name ‘squared perturbation’
can refer either to a squared perturbation i at a vertex vi, or to Tsqn . For the rest of the chapter
the name will be used interchangeably whenever it is clear.
Corollary 2.2.7. Tn and Tsqn are homomorphic graphs.
Proof. Let Tn = T 0n , T 1n , ..., T nn = Tsqn be a sequence such that T in is a squared perturbation
at a 4-valent rigid vertex of T i−1n for all i = 1, ..., n. Then there are graph homomorphisms
φi : T in → T i−1n (as in Proposition 2.2.6) and their composition φsqn = φ1 ◦ · · · ◦ φn : Tsqn → T 0n
is a graph homomorphism from Tsqn onto Tn.
Proposition 2.2.8. The squared perturbation construction preserves the cyclic order of the
edges incident to a rigid vertex and genus of the initial graph.
Proof. It is clear the construction preserves the ordering of edges adjacent to rigid vertices. By
construction, the circle composed of the edges fi and vertices νi is each squared perturbation i
are unknotted and unlinked from each other. Therefore the union of all squared perturbations
spans a disjoint union of planar discs and the genus is preserved.
By the above proposition, it is enough to consider the genus of Tsqn .
2.2.2.3 Creating Tsqn+2 from Tsqn by adding two squared perturbations
Tsqn+2 can be obtained from Tsqn by adding two squared perturbations between perturbations
n− 2 and n− 1 in Tsqn . This is illustrated in figure 2.10, where the new squared perturbations
and edges are in indicated in bold.
More precisely, squared perturbation n− 2 is connected to squared perturbations n− 4, n−
3, n − 1, n in Tsqn . After the addition of two new squared perturbations between squared per-
turbations n − 2 and n − 1 in Tsqn squared perturbation n − i in Tsqn remains the same in
Tsqn+2 for i = 1, ..., n− 2 in Tsqn+2 , squared perturbations n− 1 and n become n+ 1 and n+ 2
respectively in Tsqn+2 and the two new added squared perturbation are n− 1 and n in Tsqn+2 .
86 CHAPTER 2. GENUS OF RIGID VERTEX GRAPHS
Figure 2.10: Tsqn+2 obtained from Tsqn by adding two squared perturbations indicated in bold.
2.2.2.4 Ribbon surface of Tn
A construction of an orientable surface neighbourhood of Tsqn , called a ribbon surface, is de-
scribed. We use the following well known result:
Theorem 2.2.9. (Edmonds, 1960 [41]) Every (non rigid vertex) graph has a cellular embedding
in an orientable surface and every such embedding can be described by a system of permutations
of edges at each vertex of the graph, as follows:
Let G be a connected graph. Suppose that for each v ∈ VG there is a permutation pv of
edges incident to v (see figure 2.11(A) for the possible permutations for a 3-valent vertex). Now
consider a closed walk W = v1e2v2e2...vkW ekW v1, where for i = 1, ..., kW , pvi+1(ei) = ei+1. Note
that since the graph is finite, W can not be infinite without repetition of an edge ei in the same
direction (ei can appear in W transversed in the opposite direction vi+1 to vi). It is easy to see
that the first edge to be repeated is e1, so there is a minimal integer kW such that no edges are
repeated in the same direction in W . Consider a collection of closed walks W that exhaust all
edges of G in both directions. These are circle boundary components of an orientable surface
that is a regular neighbourhood of the graph that deformation retracts to the graph. For each W
take a polygon with kW sides (where kW is the length of the walk) and identify polygons with
their W . Then a 2-cell embedding of the graph is obtained.
Locally at each non rigid vertex of Tsqn there are two possible permutations, illustrated in
figure 2.11(A). Since each squared perturbation represents a rigid vertex, and by construction
of assembly graphs, there are only two possible permutations of edges adjacent to a rigid vertex,
namely (ε1, ε2, ε3, ε4) and (ε1, ε4, ε3, ε2) (figure 2.11 (B)), only the cases where at each squared
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Figure 2.11: Ribbon surfaces locally at a (A) non rigid 3-valent vertex; (B) a rigid 4-valent
vertex; (C) a squared perturbation.
perturbation, all four vertices have either one or the other permutation in figure 2.11 (A), are
considered. These yield two possible permutations of edges adjacent to a squared perturbation
illustrated in figure 2.11 (C) which, for simplicity, are denoted
⊙
and
⊗
.
Definition 2.2.10. Define a ribbon surface F of Tsqn to be the orientable surface with circle
boundary components constructed by choosing either
⊙
or
⊗
at each squared perturbation of
the graph.
By choosing either
⊙
or
⊗
at each squared perturbation all ribbon surfaces of Tsqn are
obtained, and there are 2n possibilities (not necessarily all distinct). Denote by
⊙
i the fact
that local connectivity
⊙
is chosen for squared perturbation i of Tsqn , and similarly for
⊗
.
By attaching discs to these surfaces with circle boundary components, along their boundary
components, one yields all cellular embeddings of Tsqn .
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2.2.2.5 Genus of the tangled cord
Theorem 2.2.11.
genus range(Tsqn) =
{
n− 2
2
,
n
2
}
if n is even,
{
n− 1
2
,
n+ 1
2
}
if n is odd.
In other words, the genus range of the family of tangled cord graphs is found as a function
of the number of vertices of the graph.
We use the following well known results:
Theorem 2.2.12. (Duke, 1966 [40].) The (cellular) genus range of a (non rigid vertex) graph
is a set of consecutive integers.
Theorem 2.2.13. (Youngs, 1963 [152]) The minimal cellular genus of a graph has the most
number of disc components in the complement of the graph in the surface, over all cellular
embeddings. Furthermore, gmin(Tsqn) = 12(2 − |V | + |E| − bmax), where bmax is the maximal
number of cellular components in the complement of Tsqn embedded in a surface, over all cellular
embeddings of Tsqn.
There is an equivalent result for the maximal genus, namely
Lemma 2.2.14. gmax(Tsqn) = 12(2 − |V | + |E| − bmin) where bmin is the minimal number of
cellular components in the complement of Tsqn embedded in a surface, over all cellular embeddings
of Tsqn.
Although the proof of this is an easy modification of Young’s proof of the result above, to
the author’s knowledge this has not been explicitly presented anywhere, so we include it here
for completion:
Proof. Let G(M) denote an embedding of a graph G in a surface M . Suppose a cellular em-
bedding G(M) is a maximal genus embedding over all cellular embeddings of the graph. Then
χ(M) ≤ χ(M ′) for any other surface M ′ where G embeds cellularly. Suppose also that an embed-
ding G(N) is a minimal 2-cell embedding (that is, the number of disc components in the comple-
ment of G in N is the smallest over all cellular embeddings of G). Then |G(N)\G| ≥ |G(N ′)\G|
for any other surface N ′ where G embeds cellularly. Note that if G(M) is a cellular embed-
ding, it provides a triangulation of the surface M and χ(M) = |VG| − |EG|+ |G(M)\G|. Hence
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0 ≥ χ(M)− χ(N) = |G(M)\G| − |G(N)\G| ≥ 0 ⇒ χ(M) = χ(N), |G(M)\G| = |G(N)\G| and
G(M) = G(N).
Proof. (Theorem 2.2.11.) The genus range of a standard (non rigid) graph is the set of values
of genera over all surfaces into which the corresponding graph can be embedded cellularly. By
theorem 2.2.12 the genus range of a graph consists of consecutive numbers, so it is enough to
find gmin(Tsqn) and gmax(Tsqn).
By theorem 2.2.13 two formulae derived from the Euler characteristic give gmin(Tsqn) =
1
2(2− |V |+ |E| − bmax) and gmax(Tsqn) = 12(2− |V |+ |E| − bmin), where bmax (resp. bmax) is the
maximal (resp. minimal) number of cellular components in the complement of Tsqn embedded
in a surface, over all cellular embeddings of Tsqn . Therefore, to find gmin(Tsqn) and gmax(Tsqn)
it is enough to find the cellular embeddings of Tsqn that maximise and minimise the number of
cellular components in the complement of the graph, over all cellular embeddings.
The ribbon surfaces F of Tsqn (definition 2.2.10) yield cellular embeddings of Tsqn by attach-
ing discs along the circle boundary components of the surface. Recall that choosing either
⊙
or
⊗
at each squared perturbation of Tsqn yields all the ribbon surfaces F of Tsqn .
Counting the number of open disc components of the complement of a cellular embedding
of a graph in a surface is equivalent to counting the circle boundary components.
The result follows from lemma 2.2.15 below.
Lemma 2.2.15.
(i) bmax(Tsqn) = n+ 4 for n even
(ii) bmax(Tsqn) = n+ 3 for n odd
(iii) bmin(Tsqn) = n+ 2 for n even
(iv) bmin(Tsqn) = n+ 1 for n odd
Proof. (i) For n = 4 it is easy to observe that bmax(Tsq4) = 8 = n+ 4.
⊗
1
⊙
2
⊗
3
⊗
4 yields a
ribbon surface F4 with 8 boundary components.
For Tsqn choose
⊗
1
⊙
2
⊙
3
⊗
4...
⊗
n−1
⊗
n, where the underlined local connectivities in-
dicates that they are repeated every two squared permutations (figure 2.12(A)). Denote the
resulting ribbon surface by Fn. The boundary components visiting squared perturbations 1 and
2 are as in figure 2.12(B). Those visiting squared perturbations i and i+ 1, for i 6= 1, 2, n− 1, n,
are as in figure 2.12(C) when i ≡ 1 mod 4 or as in figure 2.12(D) when i ≡ 3 mod 4. Those
visiting squared perturbations n − 1 and n are as in figure 2.12(E) when n ≡ 0 mod 4 or as in
90 CHAPTER 2. GENUS OF RIGID VERTEX GRAPHS
figure 2.12(F) when n ≡ 2 mod 4 (F). In addition, if n ≡ 0 mod 4 then n − 3 ≡ 3 mod 4 and
if n ≡ 2 mod 4 then n − 3 ≡ 1 mod 4. Therefore all boundary components are preserved and
there are n+ 4 distinct boundary components. Therefore the number of boundary components
of Fn is |∂Fn| = n+ 4.
(A)
(B) (C) (D) (E) (F)
Figure 2.12: Ribbon surface Fn of Tn with local connectivities
⊗
1
⊙
2
⊙
3
⊗
4 · · ·
⊗
n−1
⊗
n
and global connectivities (13)(24)1, (14)2, (34)3, (1324)4 · · · (1342)n−1, (13)(24)n. |∂Fn| = n+ 4.
When two squared perturbations are added, the number of boundary components increase by
2, namely one around each new squared perturbation.
Consider the connectivity of the boundary components outside each squared perturbation
and call this the global connectivity of the boundary components at each squared perturbation.
There are at most four boundary components visiting each squared perturbation of Tsqn , apart
from the boundary component going around each squared perturbation (in grey). Therefore the
global connectivity at each squared perturbation can be abstractly considered as permutation
of the numbers 1, 2, 3, 4. For the ribbon graph Fn with
⊗
1
⊙
2
⊙
3
⊗
4 · · ·
⊗
n−1
⊗
n, the global
connectivities at each squared perturbation are
(13)(24)1, (14)2, (34)i, (1324)i+1 · · · (1342)n−1, (13)(24)n
respectively, where permutation pi denotes global connectivity p at squared perturbation i.
Figure 2.13 shows an example.
To show |∂Fn| = bmax(Tsqn) it is necessary to prove that any other ribbon surfaces of Tsqn
have either the same number or fewer number of boundary components. Recall that other ribbon
surfaces of Tsqn can be obtained by changing the local connectivity of the boundary components
of Fn between
⊙
and
⊗
. Consider how the number of boundary components changes at each
squared perturbation when the local connectivity of the boundary components at each squared
perturbation of Fn is changed between
⊙
and
⊗
and the global connectivities remain the
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Figure 2.13: Example of the global connectivity of the boundary components at a vertex with
local connectivity
⊗
(Left). The number of boundary components change if the local connectiv-
ity is swapped between
⊙
and
⊗
, illustrated in figure 2.11 (B).
same. The number of boundary components change 4→ 2, 3→ 1, 3→ 1, 3→ 1 · · · 3→ 1, 4→ 2
respectively for
⊗
1
⊙
2
⊙
3
⊗
4 · · ·
⊗
n−1
⊗
n. Since the number of boundary components only
decreases,
⊗
1
⊙
2
⊙
3
⊗
4 · · ·
⊗
n−1
⊗
n generates the maximal number of boundary components
for Tsqn .
Now consider Fn+2 obtained from Fn by adding two squared perturbations as described
in section 2.2.2.3 (with
⊗
1
⊙
2
⊙
3
⊗
4 · · ·
⊗
n+1
⊗
n+2). Then |∂Fn+2| = (n + 2) + 4 since
the boundary components visiting each squared perturbations are illustrated in figure 2.12 the
two new boundary components are one around each new squared perturbation. |∂Fn+2| =
bmax(Tsqn+2) by induction.
Cases (ii), (iii) and (iv) follow similarly. An example of local permutations that yield ribbon
surfaces that maximise and minimise the number of boundary components for each case are
shown in table 2.2, but other possibilities exist.
Table 2.2: Proof of lemma 2.2.15.
Genus n Local connectivity
Min even
⊗⊙⊙⊗ · · ·⊗⊗
Min odd
⊙⊙⊗ · · ·⊗⊗
Max even
⊙⊙⊗⊙ · · ·⊙⊙
Max odd
⊙⊗⊙ · · ·⊙⊙
2.3 Conclusion and final remarks
This chapter was dedicated to a mathematical investigation of DNA rearrangements that hap-
pen during nuclear differentiation in ciliates. Questions about how the DNA sits in space in
intermediate stages of simultaneous pointer sequences being juxtaposed, were answered. This
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work provides a new prospective of studying a graph theoretic model of genomic rearrangements
in ciliates, developed in [4], by considering their topology.
This work was focused on an intermediate stage where many homologous recombination
sites (pairs of pointer sequences) within a single fragmented gene are juxtaposed simultaneously,
before they are recombined. This assumption is mathematically reasonable, since it was proved
in [3] that simultaneous rearrangements of all pairs of pointer sequences within one MIC gene
can yield a connected MAC gene. However, biologically there is currently no evidence to suggest
that recombination events happen simultaneously, and it is most probable that, (although cur-
rently not well understood) since specificity of location of recombinations are well defined, these
recombination events are sequential. However, it is possible that recombination events occur in
a very short time frame, so considering them as happening simultaneously would be biologically
reasonable.
2.3.1 Possible future directions
2.3.1.1 Experimental search for site-specific enzymes that may mediate genomic
differentiation
The exact details of processes regulating of gene assembly, in particular, concrete facts about
whether there are important roles to be played by other enzymes apart from transposases,
are still unknown. Since recombination at pointer sequences is sequence specific, it might be
experimentally interesting to look for enzymes that are site-specific to the pointer sequences,
and that would be capable of mediating sequence exchange during differentiation.
2.3.1.2 Generalisation of the tangle model to assembly graphs
Locally, the mechanism of strand exchange is currently unknown. A possible future direction of
investigation would be a characterisation of possible topologies the pointer sequences can take,
pre-and post-recombination. Mathematically, this would involve modelling juxtaposed pointer
sequences as tangles (definition 1.1.7), and using the tangle model of recombination [43], under
the assumption that the ambient MIC DNA molecule is circular (the trivial knot) and only one
pair of pointer sequences are juxtaposed at any one given time.
Alternatively, under the assumptions that many pointer sequences are juxtaposed simultan-
eously, the assembly graph model and the tangle model could be combined to understand the
interplay of the topology of the ambient MIC DNA molecule and the topology of the pointer
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sequences pre-and post-recombination. See figure 2.14.
Figure 2.14: Possible further theoretical investigation of genomic differentiation in ciliates, where
it is assumed that many pointer sequences are juxtaposed at the same time and are modelled
as 2-tangles.
2.3.1.3 Intrinsic knotting and linking of assembly graphs
Although there is currently no experimental evidence of this, it is an interesting question to an-
swer whether, under the assumption of simultaneous juxtaposition of pairs of pointer sequences,
if knots and links are formed, either in subpaths of the assembly graphs, or locally in edges
of the graph. Prof. Mark Daley (University of Western Ontario) has worked on this from a
computational point of view. A topological consideration of this would involve a combination
of the assembly graph model and the study of intrinsically knotted and linked graphs [45,48].
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